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Abstract— Cognitive Radios (CRs) have been recently proposed
for the problem of spectrum scarcity. The main principle of the
operation of these radios is based on the opportunistic access to
the frequency spectrum mainly dedicated to Primary Users
(PUs). However, statistical characteristics of PUs, either their
spatial distribution or time pattern of channel usage can affect
the usability of a specific frequency band for CRs. In this paper,
based on mathematical analysis, first, the effect of the spatial
distribution of PUs on the number of CRs in an Ad-Hoc
configuration will be investigated. Analysis of this case shows
that there are limits on the number of CRs for full coverage of a
given area when they transmit simultaneously with PUs. Then,
based on the temporal statistics of PUs, i.e., their arrival rate
and channel usage, the usability of a specific frequency band for
CRs will be explored in a non-simultaneous scenario.
Mathematical analysis shows that for a given temporal
specifications of PUs, there is an upper bound for the achievable
data rates CRs may obtain.
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I. INTRODUCTION

The idea of Cognitive Radios (CRs) based on
opportunistic access to the frequency spectrum which is
mainly licensed to Primary Users (PUs), has opened new
ideas for spectrum utilization [1]. However, for a specific
frequency band to be usable by CRs, the statistical
characteristics of PUs, either spatial or temporal, seem to be
determining factors. For example, if in a given area PUs are
so densely distributed that any transmission by CRs would
interfere with some PUs, there would be no chance for
simultaneous signal transmission of CRs with PUs. On the
other hand, when PUs enter and use their channels very
frequently, there may not be any opportunity for CRs to non-
simultaneously communicate, too.

As the first candidate, TV frequency bands, since they are
reported to be busy at most during 25 percent of times, have
been announced as the introductory bands for the operation
of CRs [2-7]; However, if scenario successes, there would be
no obstacle against the extension of the idea to other possible
frequency bands. Thus, the usability analysis of a certain
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channel in terms of statistical parameters of the corresponding
PUs is of importance. In this paper, based on mathematical
analysis, the effect of the spatial and temporal statistics of PUs
on the usability of their channels for CRs will be investigated.
To do so, the structure of the paper will be as follows. In the
next section, stating the problem, the situation in which CRs
are allowed to transmit will be reviewed. Then, in section IIT
and IV, the effect of the spatial and temporal statistics of PUs
on the structure of CRs’ network in Ad-Hoc configuration and
their available spectrum resources, respectively, will be
investigated through mathematical analysis. Finally, section V
concludes the paper.

II. PROBLEM STATEMENT

When CRs are allowed to coexist with PUs, two situations
are expected: Simultaneous and non-simultaneous utilization of
the channel with respect to PUs. When CRs and PUs work
simultaneously, four situations can be imagined:
Both sides cause serious interference for the other sides
None interfere with the other sides
Only CRs’ transmitters interfere with PUs’ receivers
Only PUs’ transmitters interfere with CRs’ receivers

The cases 1 and 3 are not permitted, thus CRs should improve
their behaviours in order to avoid interfering with PUs. On the
other hand, they may want to improve their situations so that
they themselves find opportunity to transmit. Case 2, of course,
is ideal for both sides. In case 4, if CR is to receive data, it
should change its behaviour for reliable reception, too.

If CRs intend to transmit simultaneously with PUs, they
should make sure that no excessive interference will be caused
for PUs. This situation may be achieved in two ways:

e PUs know CRs’ signals very well and are able to cancel

them at their receivers

e PUs don’t know anything about CRs’ signals and thus,

it’s the CRs’ task to avoid interfering with PUs.

In the second situation, one way for CR to be allowed for
transmission, if appropriate, is changing its geographical
position so that not interfere with PUs’ receivers. This
capability implies the mobility of CRs if PUs’ positions are not
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fixed. Also, in a given minimum signal to noise-interference
ratio (SNIR) for PUs, this dictates an Ad-Hoc network if they
need to have an acceptable coverage. In this case, some
conditions on CRs’ network in terms of their minimum
number and maximum distance must be determined. On the
other hand, if CRs decide to transmit only when PUs are
absent, based on the temporal statistics of PUs, time holes
granted to CRs may be usable or not. To render a specific
frequency band with its corresponding PUs as usable or
unusable for CRs, thus, conditions under which CRs are
allowed to transmit must be analysed.

IILEFFECT OF SPATIAL DISTRIBUTION OF PUS ON THE
CONFIGURATION OF AD-HOC CRS

When CRs intend to transmit simultaneously with PUs,
they should make sure that their transmissions would not
cause severe interference for PUs. Of course, this would not
be possible when density of PUs within an area is high. In
this case, any transmission of CRs will cause interference for
PUs’ and depending on the PUs’ density, changing the
geographical position of CRs may or may not help them to
find opportunity for transmission. Here, thus, the density of
PUs in a given area is the key factor for possibility of CRs
operation.

For the purpose of analysis, assume that PUs have
determined the limit IT,,,, for the maximum tolerable
Interference Temperature (IT). For a given distance from
PUs’ receivers, this limits the maximum transmission power
of CRs. In mathematical form, we have:

P._
R < P = kBIT 0 (1)

IT < ITax = Pr_cr zm = Fnax

thus,

Pi_cr < (4fR)?kBITmax = Pi_cr-max (2)

where, P,_cp is the received power of a CR’s transmitter at a
PU’s receiver, P;_c is the corresponding transmitted power
of CR and R is the distance between CR and PU. For
simplicity, here, it is assumed that any CR and PU work as
both receiver and transmitter. Equation (1) shows the
maximum permissible transmitted power of CR for a
distance R from PU. On the other hand, if CR has to transmit
with power P;_ g, the minimum distance from PU would be:

R > Pt—CR =R
= | (4nf)2kBIT gy

To determine the IT;,,, for PU, one suitable alternative is
defining IT;,4, based on the minimum required SNIR with
P,_cr as the received interference at PU. Thus, we have:

3)

min

SPU

> SNIRpy_min = ——77— 4
= PU—min N + kBITmax ( )
thus,
(4mfR)? Spy
Proce < ( ~N) 5)
kB SNIRpy_min

where Sp; is the received power of PU from its own
corresponding transmitter. On the other hand, CRs themselves
need a minimum SNIR in order to complete their
communication. This means that for a given distance D from
their corresponding receivers, CRs need to use the minimum
transmission power P;_,,;,. That is:

P,_ Py i
SNIR.p = 1\/(431—;};)2 > SNIRcp_min = rN"”"
_ t—min
" N(4nfD)?
= Pi_cgr 2 N(4fD)* SNIRcg_min (6)

Taking the minimum distances R,,;;, and D,y,;, instead of R and
D and combining (5) and (6) yields:

N(4‘7TfDmin)2 SNIRCR—min

AT Rpin)? S
< (41f Rnin) ( PU _ N) %)
kB SNIRpy _min
This gives rise to:
Dinin\’ 1 S
( mln) < < PU —N) (8)
Rmin kBN X SNIRCR—min SNIRPU—min

If PU’s transmitter at distance L from CR causes interference
for it, too, (8) will be changed into:

(Dmin)2
Rmin

Now, assume that Noz and Npy, the number of CRs and PUs
respectively, are uniformly distributed in an area A = 4wR?. In
order for CRs to not interfere with PUs, no CR should be
present in a circle with radius R,,;, . With the uniform
distribution of CRs and furthermore, assuming a large
enough N¢p, the probability of kK CRs be present in an area of
radius R,,;, follows a binomial distribution and is equal to [8]:

(szvugﬁﬁ—"’)

= S
kB <N + (4#}%)2) SNIR cR—min

)

2\ k 2\ Ncr—k
_ _ NCR Rmin _Rmin
P(XCR—k)—(k)< = 1-—3

Rminz k
e NCR™ g2 (Rmin2>

yields R2
— (10)
SNIR. = Spu _ Spu k!
N+ RBIT 4 kBPi_cp
@rfR)?
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where X5 is the random variable (R.V.) of number of CRs
present in the area of radius R,,;,. To derive (10), the
Poisson approximation has been used for binomial
distribution when Ny is large. If transmission of CRs is to
not interfere with PUs, we should have:

Rppin?
Ncr 7?2”)

P(Xer < 1) = P(Xeg = 0) = e‘< (11)

Assuming this probability should be larger than some
threshold a, then:

Ln(a) (12)

2
min
On the other hand, in order for CRs to be able to
communicate with each other, two conditions must be
satisfied. First, interferences from PUs must be low enough.
This implies that no PU should be present in a
neighbourhood of radius D,,;, . Second, the distances
between CRs should be lower than D,,;, in order for their
signals to be reliably communicated. Taking the same routine
as in (10) for large Npy, two following conditions must be
satisfied:
¢ Number of PUs in a circle with radius D,y,;,, must be
zero such that CRs encounter no interference.
¢  Number of CRs in a circle with radius D,,;,, must be
greater than zero such that they can communicate
with each other.
Assuming the same threshold probability of o as in (12) for
simplicity, we would have:

Doy 2
—IN min
P(Xpy <1) = Prob(Xpy =0) = e < PU R ) >«
2
= Npy < — 5 Ln(a)
mi;t
OR Dpin® < ———Ln(a) (13)
Npy
Dmin
—(N
PXr=21)=1-PXpy=0)=1-—c¢ ( CRTR2 )2(1
2
= NCR = - 2 Ln(l - 0()
mi121
OR Dppin’ = —~——1ILn(1 — @) (14)
CR
Combining (13) and (14), we have:
R? R?
——In(l—a)<Dp;,2 < ——L
Nex n( a) < Dpp” < Npy n(a)
Ln(1 —a)
= Neg 2 (15)
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and combining (12) and (15) would lead to:

Ln(l—a)N < N < R? In(e)
—_— S S —— Lnh\a
LTL(Q) PU CR minz

(16)

This means that for a given R,,;;, and Np; of PUs, there must
be limits on the number of CRs if they intend to communicate
with each other in an Ad-Hoc configuration. A small R,;, can
be perceived as high sensitivity of PU’s receiver and vice versa;
thus, when PUs’ receivers are not sensitive enough, CRs must
not be present everywhere. On the other hand, in a crowded
society of PUs, CRs must be present between any pair of PUs
in order to provide full coverage. It may not be possible for
CRs’ nodes to satisfy these conditions always. If so, they have
to transmit non-simultaneously with PUs.

IV.EFFECTS OF TEMPORAL STATISTICS OF PUS ON THE
AVAILABLE RESOURCE FOR CRS

Now assume the non-simultaneous scenario. This case is
appropriate when PUs’ density is so high that there is no
chance for simultaneous transmission of CRs with PUs. In this
case, CRs must wait until PUs leave the channel, then they can
transmit. The effects of temporal statistics of PUs may be
considered from two points of view: first, the rates at which
PUs enter the channel and second, the average times PUs hold
their channel. Analysing the effects of these characteristics will
determine whether a specific channel is usable by CRs or not.

To analyse this situation, assume that number of arrivals of
PUs in a given time interval follows a Poisson distribution with
parameter A. CRs may or may not know the time pattern based
on which PUs use their channels. First, assume that CRs only
know A. In this case, a packet of length Ty can be transmitted
without causing any interference to PUs with following
probability:

P(Xpy < 1) = P(Xpy = 0) = e™*Tcr (17)
Assume further that a single CR has N packets to transmit,
where N is assumed to be large enough. The probability of
transmitting k packets without interfering with PUs would
be e *ATcrR  Thus, the average transmission time without
interfering with PUs would be:

Taverage = TCRe_ATCR + ZTCRe_ZlTCR +-+ NTCRe_NlTCR

N
= z kTCRe_kATCR
k=1

(oo}
=) KTggeHATen
k=1
(oo}

1
— | te~Mdt =
Ter ,

1

(18)

f—
Tcr—0
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Thus, the average number of packets would be:

Taverage 1

Naverage = T = AZTCRZ (19)

This implies that for large 4, there is no chance for CRs to
transmit. On the other hand, if CRs use the packets of half
length, they can transmit packets two times more than before.
Another meaning of (19) is that CRs can compensate for
large A through using shorter packets. This is not, of course,
true always since within a data packet all the bits don’t carry
CRs’ information.

When CRs know the probability distribution of PUs’ time
length of channel usage, situation is somewhat different. For
the purpose of analysis, take tp;; be the R.V. of PUs’ channel
usage with mean ;. In order to find the available channel
time for CR, take the time interval T, as the analysis interval
and assume further that Ty is large enough. Again, in order to
find opportunity for transmission, CR must wait for PU to
leave the channel. If PU enters k times, then the average time
for CR equals T4 — k pi,,,. Using this time, CR can transmit
packets as many as:

_ |Tazkrepy

ny = ITJ (20)
where operator |. ] stands for the nearest smaller integer. In
this case, the maximum number of packets Np,,,would be
achieved when k = 0. Taking this number to be large enough,
then, the average number of packets would be:

Nmax
(A"
N = ny e Ma———
average — k k!
k=0 ’
Nmax

z lTA —k HtpU] o-ATa (AT ¥
!

Nmax
— k
< Y Dot o G
k;o CR .
= z Ty —k ey, o—Ta (AT
|
Ty

= (1 -4 ”tpu) (21)
Ter
Now let Tcg be the length of a single bit, then Ngyerqge

shows the maximum number of transmitted bits during 7, on
average. Therefore, the achievable bit rate R;, would be:

< (1 -2 'ufpu)
Ter

Naverage

R, =
b TA

(22)

One meaning of (22) can be that there is no chance for
CRs to use channels when PUs either enter their channels
very frequently or hold it often very long, but there is always
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opportunity for enough high speed CRs, of course, if they not
violate the channel boundaries. For a channel with bandwidth
B, this emphasizes that the symbol duration Ty satisfies:

1
—= <B 23
thus,
Ry <kB(1—2p,,) (24)

where, k shows the number of bits per symbol, which is
dependent on the modulation size. Equation (24) shows the
dependency of the maximum achievable data rate on the
temporal statistics of PUs in one hand, and on the bandwidth
and modulation size, on the other. It can be seen that in order
for a specific frequency band to be usable by CRs, not only the
corresponding PUs must not enter their channels very
frequently, but also the time during it they hold the channel
must be short enough, something that can be justified
conceptually.

V. CONCLUSIONS

In this paper, the usability of a specific channel for CRs’
operations with its corresponding PUs was explored through
mathematical analysis. The results show that for a certain
spatial distribution of PUs, there are limits on the number of
CRs in Ad-Hoc configuration if they want to have full coverage,
a condition that might not be satisfied always. On the other
hand, for a given statistics of PUs in channel arrival rate and
channel usage, there is an upper bound for the achievable data
rate for CRs.
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