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Abstract— In most of previous studies, the capacity of MIMO-
OFDM systems was investigated by supposing that the perfect
channel state information (CSI) is available and the correlation
between subcarriers (CBS) is ignorable. In practical applications,
the CSI is obtained by channel estimation, where the channel
estimate error (CEE) exists unavoidably. On the other hand, it is
proven that different MIMO subcarrier channels are correlated
even though different MIMO delay spread channels are
uncorrelated. Accordingly, previous capacity result is a kind of
approximate solutions to the actual capacity. Different from
previous models, the hybrid-domain system model (HDSM) is
introduced in this paper, where the direct relation between the
frequency-domain signals and the channel impulse response
(CIR) is established. Based on the HDSM, the hybrid-domain
channel estimation (HDCE) is proposed, its minimum
normalized mean square error (MNMSE) is given, and the actual
capacity result is derived, where the CEE and CBS are involved.
Simulation results show that the capacity of MIMO-OFDM
systems is greater than previous results. The impacts of CEE and
CBS on the capacity are investigated over different propagation
environments.

Keywords— MIMO-OFDM, capacity, channel estimate error
(CEE), correlation between subcarriers (CBS), hybrid-domain
channel estimation (HDCE), hybrid-domain system model
(HDSM).

I. INTRODUCTION

The key feature of the emerging mobile
communications is the enhanced spectral efficiency
[1]-[3]. Multiple-input multiple-output orthogonal
frequency-division multiplexing (MIMO-OFDM) is
a promising radio-access technology, which can
provide significant capacity over broadband
channels [4]-[10].

In most of previous studies, the capacity of
MIMO-OFDM systems was investigated by
supposing that the perfect channel state information
(CSI) is available and the correlation between
subcarriers (CBS) is ignorable [4]-[9]. In practical
applications, CSI is obtained by channel estimation,
where channel estimate error (CEE) exists
unavoidably [11]-[16]. We prove that different
MIMO subcarrier channels are correlated even
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though different MIMO delay spread channels are
uncorrelated. Accordingly, previous capacity result
shouldn’t express accurately the actual capacity of
MIMO-OFDM systems because of neglecting the
impacts of CEE and CBS.

The pilot-aided channel estimation can be
classified into two types—the frequency-domain
channel estimation (FDCE) [11], [12] and the time-
domain channel estimation (TDCE) [13]-[15]. In
the FDCE, the training sequence should be
transmitted on a different set of subcarriers at each
transmit antenna, while the other antennas are silent
on the set of subcarriers. The interpolation is
needed to obtain the channel frequency response
(CFR) on the subcarriers where no pilot is located,
and this will decrease the estimate accuracy
dramatically [11], [12]. In the TDCE, the channel
impulse response (CIR) is estimated firstly, and the
CFR is obtained by applying discrete Fourier
transform (DFT) to the CIR. Despite the estimate
accuracy of TDCE is much higher than that of
FDCE [13]-[15], it shouldn’t be implemented with
the comb pilot arrangement (CBA).

Different from TDCE and FDCE, we introduce
the hybrid-domain channel estimation (HDCE)
based on the proposed hybrid-domain system model
(HDSM), where the direct relation between the
frequency-domain (FD) signals and the channel
impulse response (CIR) is given. With the block
pilot arrangement (BPA), the HDCE can obtain
high estimate accuracy as TDCE. With the CBA,
the HDCE can obtain much higher estimate
accuracy and channel utilization efficiency
compared with FDCE [16].

Since the pioneering work of [17], [18], a great
deal of work has been done on the MIMO capacity
[19]-[23]. In [4]-[6], the capacity of MIMO-OFDM
systems was investigated by summing the capacity
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of MIMO channel on each individual OFDM
subcarrier, supposing that different MIMO
subcarrier channels are uncorrelated. In fact,
different MIMO subcarrier channels are correlated
even though different MIMO delay spread channels
are uncorrelated. Therefore, the previous capacity
result shouldn’t express accurately the actual
capacity of MIMO-OFDM systems due to
neglecting the CBS.

Based on the HDSM, we derive the actual
capacity of MIMO-OFDM systems by employing
the CIR matrix and the minimum normalized mean
square errors (MNMSE) of different channel
estimations. Consequently, the impacts of CEE and
CBS are involved in the proposed algorithm.

Notation: In the paper, a matrix is represented
with an uppercase boldface letter, and a vector is
represented with a lowercase boldface letter. The
superseripts (- ), ( - )%, ( - )" denote matrix
conjugate, transpose, and conjugate transpose,
respectively. The matrix I, denotes a p X p identity
matrix. The expressions C””, E{ . }, det( - ), and

|, denote the nXm complex matrix, expectation,
determinant, and Frobenius norm operators,

respectively. The matrix Fx denotes the unitarily K
X K DFT matrix.

II. SYSTEM AND CHANNEL MODELS

A MIMO-OFDM system with N, transmit
antennas, N, receive antennas and K subcarriers in
an OFDM symbol is considered.

A. Time-Domain System Model

At each transmit antenna (the ith antenna for
example), the FD mapped data sequence in an
OFDM symbol X, :[x,. (0),x,(1),-,x, (K—l)]T eCr is
performed OFDM modulation by the K-point

inverse fast Fourier transform (IFFT), and the

acquired TD sequence is given by
X, =Fx,,i=12,,N, @)

At the receiver, the received complex sequences
in TD can be expressed as [13]-[15]

Y=XH+N, Q)
where
?:[ylayza"'aym]eckxmo 3)
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X=[X.X,, X, JeC™ 4

H=[h h, b, JeC™™ (5

N=[f,b,,i, [eC®", (6)
5(0) x(K-1) - %(K-L+2) x(K-L+1)
%(1) %(0) o x(K-L+3) %(K-L+2)|, (7)

‘.(K.—L) )E,(K—.L—l)
5 (K-L)

BT

et ®
The h, denotes the CIR sequence between the ith

transmit antenna and the jth receive antenna, L
denotes the length of CIR, y, denotes the received

sequence in TD from the jth antenna, and
i denotes additive white Gaussian noise (AWGN)

with complex elements that are independent and
identically distributed (i.i.d.) Gaussian with zero
mean and variance 2, i.e., E{ﬁ/_ﬁ;{}: o, -

B. Hybrid-Domain System Model
The input-output relation in FD is given by
y(k)=G(k)x(k)+n(k),k=0,1,---K—1 (9)
where x(k)eC" is the FD transmitted vector on

the kth subcarrier composed of elements at N
transmit antennas, which are assumed to be 1i.i.d.

Gaussian with E{x(k)x"(k)j=01, , y(k)eC"" is
the received vector composed of elements from N;
transmit antennas, and n(k)eC™" is the AWGN
vector satisfying E{n(k)nH(k)}:o'jINr . The CFR
matrix sequence G(k)> for £ =0,1,---,K-1, is given
by discrete Fourier transform (DFT)
G(k)=ﬁ2(~}(1)€"2”"’”{,k=0,1,---,K—1 (10)

where f}(l) e C"M denotes the CIR matrix at the

/th time-delay index, which is defined as

gu(1)  &n(l) Exa (1)
SR MRS U]
gw, (l) gzN, (l) gN[Nr (Z)
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Substituting (10) into (9), we yield the hybrid-
domain system model:

Y=GX+N, (12)
Y=[y(0).y(1).-y(K-1)], (13
G=LK[G(0),G(1) LG(L-1)], (14)
X =[x(0).x(1).X(K-1)], (1)
N=[n(0)n(1),-n(k-1)],  (16)

T
%K) =[x (6)" e Ex (k) oo, P () ] (17)
where Y € C"”* is the FD received signal matrix,
G e "M is the TD CIR matrix, N is the FD
received noise matrix with R =E{NN"|=KoI, ,
X e C*"** is the FD transmit signal matrix, and
X(k)e C""" is the expanded FD transmit signal
vector on the kth subcarrier.

C. Broadband Channel Mode
We build the CIR matrix at each tap as:

G()=[8(1).8 ()&, ()] (8
where g, (/) e C" is the channel vector for the ith

single-input multiple-output (SIMO) architecture,
which consists of the ith transmit antenna and N;
receive antennas. We assume that there are M
equivalent paths in each MIMO delay spread

channel. Considering far-field scattering
characteristics, the ith channel vector can be
modeled by

,Bl/L -1) f:a ew ¢m (0’2) (19)
m=1

where a (9) _ |:1’e'j(/’2(9)’._"e'j‘/’/(g)’___’e'j‘/’N,(g):|T N
the receive array response vector to the angle-of-
arrival (AOA) 6 [24], [25], @,(0) denotes the
relative wavefront-spatial-phase to the AOA 6 at
the jth receive antenna (let ¢, (0) =0 as reference
phase). ,(¢) is the relative wavefront-spatial-
phase to the angle-of-emission (AOE) ¢ at the ith
transmit antenna (let y, (¢) =0 as reference phase),

[ is the exponential decay factor from the power
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delay profile of the channel. Substituting (19) into
(18), (18) is rewritten as
Jal(41)

M
:e-ﬁl/(L—l)Z:arznar (
. . . T
where a, (¢):[l,e'JW2(¢),---,e'JWf(¢),---,ew““(m} is

T
t

G(/) 0, (20)

m=1

the transmit array response vector to the AOE ¢

[4]. We assume that ¢ is an i.i.d. Gaussian random

variable with zero mean and variance 1, 6. is an

1.1.d. Gaussian random variable with zero mean and

variance o, , and ¢! is an ii.d. Gaussian random

variable with zero mean and variance G; .

For simplicity of exposition, we focus on uniform
linear arrays of antennas at the transmitter and
receiver. The essential idea can apply to arbitrary
array geometries as well. Let d. and d, denote the

antenna spacing at the receiver and transmitter,
respectively. Then, the array response vectors are
given by [24], [25]

a (9) _ [1, e-jZT”drsiu(B)’. . "e-jo”(j—l)drsin(G)" ) "e-jz}—?(zv 1)d, sin(0) :| (21)

at (gD) |:1 e] Zd, sl!1(q7)’...’e-j27”(j—])d[ sin((p)7”"eJ; (N -1 a’ sm((p :| (22)

where 4 is the wavelength of propagation.

In order to normalize the CIR matrix G in (7),
we assume that the receive power from each
antenna is equal to the total transmitted power P,

Le., NL”Y”i = %”X”i , thus the receive signal-to-
noise ratio (SNR) can be expressed as
P
p=—s (23)
6”

We normalize the G by satisfying the following
condition:

-y e

In the simulation calculations, a random channel
matrix G(/) is generated by (20), and the

normalized CIR matrix G is obtained by satisfying
(24). In the following discussion, the corresponding
channel matrix is referred to its normalized form,
and SNR is defined by (23).
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III. CHANNEL ESTIMATE ERROR

When the TD signal matrix X in (2) is produced
from the FD training OFDM symbol, the TDCE is
given by [13], [14]

A

H=(X"X) X"Y (25)
The MNMSE of H is given by [16]
A 112 P
AH _ H_H el LN, (26)
|5, [a. | Xe

When the block pilot arrangement is applied to
HDCE and the matrix X in (12) is composed of the
FD training OFDM symbol, the HDCE is given by
[16]

A

G, =YX"(Xx")" 27)
The MNMSE of éB is given by [16]
P A R
A(~;B2 1B GB~—2G el LN (28)
€ el | %~

F F

When the comb pilot arrangement is applied to
HDCE, all the antennas transmit training sequences
on the N, (LN<N,<K) pilot subcarriers together,
and the other (K-N,) subcarriers in the training-data
OFDM symbol can be applied to transmit data
symbols.

Let the matrix X:[g(o),g(b),...,g(b(p_1))]
denote the expanded training sequences, where b is
the pilot spacing, with AP<K . On the pilot
subcarriers, (12) is rewritten as

Y=GX+N, (29)
V=[y(0).¥(b).¥(b(P-1))],  (30)
N=[n(0),n(b),-,n(b(P-1))] (1)

With the comb pilot arrangement, the HDCE is
given by [16]

A

G = YX" (XX")" (32)
The MNMSE of G, is given by [16]
5 12 A 2
Aficz e GC~—2G o | LN, (33)
|6, 6. | PN
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IV. CAPACITY ANALYSIS

Since the CIR length L is much less than the
number of subcarriers K, the correlation between
subcarriers exists unavoidably. Assume different
MIMO delay spread channels are uncorrelated, i.e.,

E{G(I)G"(I')}=0, forl=I', (34)
then
L-1
E {G (k) GH (k')} _ %Zefjm(kfk’)I/KE{é(l) GH (l)} (35)
1=0
From (35), it is observed that the correlation
between subcarrier channels is no negligible.

A. Not Considering the Impact of CEE

In previous work reported in [4]-[6], the
instantaneous capacity in bits per second per Hertz
(b/s/Hz) for a given MIMO-OFDM channel
realization is given by

K-1
Cazmet = =3 log, det| 1, +2-H (k)" (k) | (36)
€ Kk:() ' ]\/Vt
Due to neglecting the correlation between

subcarriers (CBS), (36) is an approximate solution
to the capacity of MIMO-OFDM systems.

Based on the HDSM, we use the CIR matrix G
instead of the CFR matrix sequence H(k) ,

k=1,2,++ K-1, to derive the capacity of MIMO-
OFDM systems. Therefore, the CBS is involved in
the capacity formula:

CCBS involved
CEE neglected

= log, det(IN‘_ + %é@‘*] (37)

t

B. Considering the Impact of CEE

For the block pilot arrangement (BPA), let N
denote the number of OFDM symbols in a given
time period when the channel is assumed to be
time-invariant. When only one OFDM symbol is
selected to be the pilot symbol in the time period,

we get
A 2 - 2
F Kp F Kp
Let W denote a random matrix satisfying

E{Ww"}=1, , then the CEE of the HDCE with the

block pilot arrangement can be expressed as

AG, = N, /Kiw
P

(39)
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Considering the CEE, (12) is rewritten as

Y =G, X+N,, (40)
Ny=N-N, /iwx (41)
Kp

Employing (40), the mutual information for a

given MIMO-OFDM channel realization G is
expressed as

1(X:Y)=H(Y)-H(N,)

where H (-) denotes information entropy operator.

(42)

Assume that Y and N, distribute Gaussian, then

H(Y)=log,[2redet(Ry)], (43)
H(N,)=log, [27ze det(Ry, )] , (44)
R, —E{R,RI1=G,RGI +R,, (49
R, =E{N,Np|=(K+LN,)olI,  (46)

When each subcarrier at each antenna transmits
an equal power P/N,, the covariance matrix Ry is

given by

KP

Ry=—1I,, (47)
N s

Substituting (43)-(47) into (42), we yield the
accurate capacity formula, where the CBS and CEE
of the HDCE with BPA are involved.

Kp
N, (K +LN,)

In the same way, we yield the accurate capacity
formula, where the CBS and CEE of the HDCE
with CPA are involved.

CBS and CEE involved __ N1
c HDCE with BPA —N, 10g2 det [IN, +

éBég] (48)

) ; N p
. KN,-N,
CCBS ‘md‘CEE involved — s~ Vp log det 1. + p:
HDCE with CPA KN, 2 N,
" : © N(N,+LN,)

t

écég] (49)

V. SIMULATION RESULTS

To compare different capacity algorithms, we
consider a MIMO-OFDM system with two transmit
antennas (N=2), two receive antennas (N,=2), and
128 subcarriers in an OFDM symbol (K=128). The
ergodic capacity is obtained by averaging 1000
independent Monte Carlo runs. Fig. 1-Fig. 3 show
comparisons of different capacity algorithms for
different propagation environments.
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From the simulation results, it is observed that:

* The capacity of considering the impact of CEE is
less than the capacity of not considering the
impact of CEE.

* Considering the impact of CEE, the capacity of
applying the HDCE with CPA is usually greater
than the capacity of applying the HDCE with
BPA, especially when the channel is fast fading.

* The actual capacity of MIMO-OFDM systems is
greater than previous result, where the CBS is
neglected. This implies that the CBS could be
utilized to improve the capacity.

V1. CoNCLUSION

We introduce a novel system model for MIMO-
OFDM systems, where the direct relation between
the FD signals and CIR is established. Based on this
model, we propose the hybrid-domain channel
estimation, and derive the actual capacity analytical
formula, where the impacts of CEE and CBS are
involved. Simulation results show that the actual
capacity of MIMO-OFDM systems is greater than
previous approximate result. This implies that the
CBS could be utilized to improve the capacity.
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