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Abstract—One of the challenges in designing large dis-
tributed systems is to optimize the communication and de-
pendencies between modules, where a trade-off between per-
formance and ressource usage often must be made. This paper
suggest a simple taxonomy for comparing potential designs,
and provides also an algorithm for automatically suggesting
good candidates. The algorithm is compared to previous work,
where it is shown to be significantly faster, while providing
comparable results. The results are also shown to be near-
optimal in comparison with a brute-force algorithm which is
only tested for small problem instances.
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I. INTRODUCTION

One of the challenges when designing a large soft-
ware/hardware system is to optimze communication and de-
pendencies between modules. This is usually done manually
by system designers who are supposed have a good overview
of the system, and a knowledge of what communication is
needed between the different parts of the system. However,
for large distributed systems this task is not trivial: Given
a set of modules or components and a corresponding set
of communication/interface demands, there can be many
possible solutions. Especially for communication, there is
an important trade-off between performance, such as delay
requirements, and ressource usage (e.g. cost and power
consumption), which make the problem quite complex to
solve manually. This motivates the work on more automated
methods. It is important to note though, that the suggested
approaches are meant as support for the manual work: Many
aspects which are not easily put on formula, play important
roles in system design.

In this paper we first shortly review existing work on
automated methods for optimizing such systems, and come
up with two proposals. First, we propose a taxonomy, based
on what we call k-measure, which can be used to compare
different designs using just a single value. This measure
reflects a trade-off between the number of links in the system
(modelled as a graph) and the length of the communication
paths. Thus, it allows for comparing any proposed design
with what can be obtained optimally (if it can be calculated)
or by heuristic algorithms.

In the next part we propose a heuristic algorithm for
finding a graph with close to optimal k-value. Performance

of the algorithm - both in terms of resulting graphs and time
complexity - is evaluated and compared to previous work in
the field.

An additional aspect is also dealt with, namely graph
centralization. In some application fields, such as p2p and
wireless sensor networks, it can be advantageous to have
a few (or just a single) nodes handling many connections:
This can be used for spectrum optimization, and these
central nodes can be more permanent nodes, equipped with
permanent power supply, more processing power etc. The
heuristic algorithm we proposed is design to favor such
centralization.

The rest of the paper is organized as follows. In section
II we explain the terminology used in the paper, and give
a brief introduction to Moyle’s and Thompson’s previous
work on finding Minimum Equivalent Graphs (MEGs)
from a digraph [1], and to later work by Carothers and
Cragon [2], who were the first to study the MEG problem
with additional constraints on delay and bandwidth. In
section III we propose the taxonomy mentioned above,
and we also introduce the heuristic algorithm for finding
good communication paths, given a set of communication
requirements. In secion IV and V this method is compared
to the method proposed by Carothers and Cragon, and
to a bruce-force implementation which can find optimal
solutions in smaller graphs. The conclusions and suggestions
for further work are given in section VI.

II. BACKGROUND

We will simply use the standard terminology for directed
graphs, such as in e.g. [3]. A directed graph G consists of
a set of nodes V = {v1, v2, . . . , vn} and a set of directed
edges E = {e1, e2 . . . , ek}. An edge describes a relation
from one vertex to another, for example when information
has to be passed from one module vi to another module
vj . For simplicity such an edge is simply denoted eij . A
path Pij is an ordered set of edges and vertices following
each other, such as vu, euv, vv, evw, vw. The length of a path,
|Pij |, corresponds to the number of edges it contains, so this
path is of length 2. There can be more than one path between
a pair of nodes vi, vj . In that case, we will simply let Pij

denote an arbitrary shortest path from vi to vj . The length
of such a shortest path, which is also the distance from vi to



vj , is written dij . Moreover, let M = |E| denote the number
of edges and N = |V | denote the number of nodes.

Based on this general notation, we are now able to make a
more precise formulation of the problem we intend to solve.

The starting point of our problem is an initial directed
graph, containing the modules of a system, together with
a specification of communication requirements. The com-
ponents (or modules) are described as nodes, and the con-
nection between components as directed edges. Thus, we
have the graph G = 〈V,E〉, where V and E are the nodes
and edges as described above. In this initial graph there
is a one-to-one correspondance between the edges and the
communication requirements.

What we want to obtain is a new graph G0 = 〈V,E0〉,
where E0 is a subset of E. For every edge eij in the original
graph G, G0 must contain a path from vi to vj . We will try
to benefit from the fact that communication can take place
using intermediate nodes, e.g. having paths longer than one,
and that this can be used to reduce the number of edges in
the graph.

A crucial element in the comparison, and a part of the k-
measure introduced shortly, is the sum of distances from all
ordered pairs of nodes with a communication requirement.
For G, define this as d∗:

d∗ =
∑

eij∈E
dij

For the new graph G0 we correspondinly define:

d0∗ =
∑

eij∈E
d0ij

where d0ij is the distance from vi to vj in G0.
Note that G has a path of length 1 for all communication

requirements in the system, and therefore d∗ = |E|. In G0

the distances can be longer, so d0∗ ≥ d∗.
The above problem was previously formulated as the

Minimum Equivalent Graph (MEG) problem, where the aim
is to find the graph with the smallest number of edges, with
the same reachability as the original graph. This problem
was initially solved by Moyle’s and Thompson [1], followed
by a number of papers with adjustments and corrections to
their algorithms [4] and [5].

However, the MEG problem is not always a smart way
of solving our original problem, since it does not take into
account performance requirements - the paths in the final
graph can be very long, leading to communication delays,
excessive bandwidth consumption, and use of signification
ressources for relaying. To address these problems Carothers
and Cragon [2] proposed an algorithm for finding a smallest
possible graph, given a bandwidth and path length require-
ment for each connection. The algorithm gives an approxi-
mation to the optimal result, and performs efficiently with a
time complexity of O(en3). In section V we will compare

our heuristic algorithm to the H RASP2 as proposed by
Carothers and Cragon.

III. METHODS

In this section we will define our taxonomy k-measure and
then describe our heuristic algorithm. In the optimization
process of systems connections, there are many possible
parameters to account for (e.g. delay, total number of con-
nections, bandwith etc.). To simplify the optimization, we
propose to join relevant parameters in one equation in what
we call k-measure. With k-measure, it it possible to compare
two or more solutions directly with each other, based on
a single value. In this paper we will define k-measure to
account for the number of connections and the total path
length (total delay for all connections). It is defined as:

k0 = C ·M0 +
∣∣d0∗∣∣ (1)

Where C is the maximum path length minus 0.9.
In this paper we assume that the maximum acceptable

path length is 3. We therefore set the constant C to 2.1
in equation 1. This choice implies that if there is a path
of length greater than 3, it is always better to use a direct
connection. Proof: if from a node there is a path of length
4 to a destination, this length will contribute with 4 points
to the k-value. If an edge from the node to its destination
is added, the extra edge adds 2.1 points to the k-measure,
but since the distance is reduced from 4 to 1, this saves 3
points. Therefore the k-measure of the revised graph will be
lower, and consequently the solution will be better.

A. Description of Dam’s Graph Optimization (DGO)

Let the input be an N x N adjacency matrix

M = [mij ]

where

N = number of nodes
mij = 1 if there is a directed edge in G from vi to vj

mij = 0 if no edge exists

(1) Sort the nodes in list S descending after total edges
to and from the node (indegree+outdegree).

(2) Generate an adjacency matrix F from ordering the
nodes according to S, so the first item in S has
index 0 in F, and the last item in S has index N-1
in F.

(3) Generate list L from F by the following algorithm.
(3.1) for n = 0 to N-1 (ascending)
(3.2) i = 0
(3.3) for j = n to 0 (descending)
(3.4) if fij = 1 then add path Pij to L
(3.5) i = i+ 1
(3.6) for n = 1 to N-1 (ascending)
(3.7) for i = n to N-1 (ascending)



(3.8) for j = N to n (descending)
(3.9) if fij = 1 then add path Pij to L
(3.10) i = i+ 1

(4) Generate an N x N matrix A with all [aij ] = 0
(5) Now generate the output matrix A by the following

algorithm by using list L
(5.1) if L is empty goto 6)
(5.2) b = takeTopItem(L)
(5.3) If a path from bi to bj exists in A with

pathlength ≤ 3, goto 5.1)
(5.4) Insert edge eij into A and goto 5.1)

(6) End algorithm

B. Time complexity for DGO

In order to determine the time complexity for DGO, we
need to analyse each step in the algorithm.

(1) Firstly all edges are counted for each node, and
then sorted. Using Quicksort[3], this gives a com-
plexity of O(N3).

(2) This step is running through the list S, containing
all the N nodes. Thus, the complexity is O(N)

(3) This step selects each edge in F, and therefore has
complexity of O(|E|)

(4) For generating the empty matrix, a complexity of
O(N2) is found when setting all entries to zero.

(5) This step is the main algorithm. It runs through
each edge in L, resulting in |E| iterations. We are
using a modificed Breath-first search to determine
if a path exists. This is modified in the way, that
when it reaches a depth of C, or in our case 3,
the algorithm stops, and no path is found. Also
no node already visited, can be visited again in
the search. The worst-case complexity of this is
O(|V |+|E|) [3]. This gives a complexity of O(|E|·
(|V |+ |E|))→ O(|E|2). In worst case, every edge
except loopback exists, so a worst case given by
nodes becomes O(N4).

Step 5 in the algorithm is the most complex in time, and the
complexity of DGO is therefore O(N4).

H RASP2 complexity is given by O(|E|N3)[2], which
with the maximum number of edges in respect to N, comes
to O(N5), which shows that DGO has an asymptotically
better time complexity than H RASP2. The pratical running
times are tested in the following section.

IV. EXPERIMENTAL TESTS

A. Description of the experiments

The goal of this section is to design, perform and analyse
a set of tests, for proving four hypothesis:

1) DGO matches H RASP2 in optimization
2) DGO is better at centralizing compared to H RASP2
3) DGO is faster than H RASP2 in execution time

4) DGO approximates a minimal solution within the
given constraints

These four hypothesis is tested as follows.

1) A set of random graphs of different size and fill (to
be defined) are generated and the graphs are optimized
using both DGO and H RASP2. The results in terms
of k-measure are then compared.

2) In addition to k-measure, centralization is measured
for the same graphs. This is done by comparing node
degree distributions in the resulting graph.

3) Since execution time depends on hardware and soft-
ware, each algorithm is implemented in C++ according
to the same design rules, and they run on the same
hardware. They run on a large amount of random
graphs of different size and fill.

4) This is done by comparing the k-measures obtained
in (1) to the optimal solutions. The optimal solutions
are found using a brute-force method, which is feasible
only with smaller graphs - in particular, this is done for
N = 6, 7, 8. We test if DGO approximates a minimal
solution, as H RASP2 does, shown by Carothers and
Cragon [2].

In the next part, we will discuss how test data is generated.

B. Test data generation

To ensure that the results are valid, the experimental tests
are performed on a number of random graphs of different
size and fill. Fill was previously defined [2]:

fill =
M −N

N2 −N
, 0 ≤ fill ≤ 1 (2)

For testing a wide range of graphs, graphs of fill between
0.1 and 0.74 is used.

In order to test hypothesis 1, 2 and 3 the sizes of the
graphs tested were selected to be N = 10,20,30,40,50. Due
to the complexity of the brute-force algorithm hypothesis
4 was only test for N=6,7,8. In order to make a correct
comparison between H RASP2 and DGO, we define the
maximum delay on the H RASP2 algorithm to be 3. This
corresponds to a maximum path length of 3, which is also
the case for DGO.

A pseudorandom number generator was used in a random
graph generator. The graphs are generated through the
following steps:

1) N vertices are generated
2) An edge is randomly inserted into the graph
3) If the fill of the graph is equal to the wanted: Goto

step 4).
Else: Goto step 2).

4) Check if the graph is connected. If so stop, else goto
step 1).



C. Test execution

In this section, we will discuss how our tests are imple-
mented and executed.

Hypothesis 1) and 2) are tested together, and use the same
test set. The implementation is done in MATLAB. It runs
for N = (10,20,30,40,50) and for fill from 0.1 to 0.74 with
0.02 spacing. For each N and fill, 50 random graphs are
generated. H RASP2 and DGO run on each graph, and the
average k-measure and centralization is compared. Only N
= 10,30 and 50 is included in this paper due to page limits.

Hypothesis 3) is tested by implementing H RASP2 and
DGO in C++ after the same design rules. The random graph
generator implemented in MATLAB for hypothesis 1) and
2) is used to generate 10 random graphs of the same N and
fill as in 1) and 2). For improving the time measurement
accuracy the algorithms runs 1000 times per graph. The
execution time is measured via UNIX time() [6].

Hypothesis 4) is tested using a brute force method. The
time complexity of this method is high: With N = 10,
a total of 2(N∗(N−1)) ≈ 1027 combinations are possible.
Calculating all these graphs, would be a enormous task, and
some extra contrains are applied:

1) Only the edges in the original graphs are valid. This
gives a maximum combinations of 109 with fill = 0.5
and N = 8.

2) A decision tree is implemented, so if a graph is found
to be invalid, every subgraphs where more edges are
removed, is marked as invalid.

3) If a node has only one outgoing or one ingoing edge,
this edge is locked.

With these contrains, it is possible to perform the calcula-
tions for graphs up to N = 8 and fill = 0.5 within a acceptable
time. The test set is generated as in hypothesis 3). The graph
with the best k-measure is found for each original graph, and
compared to the optimized graph generated by H RASP2
and DGO.

V. TEST RESULT

In this section we will discuss the results of the test
descripbed in the prevoius sections.

The result of hypothesis 1) is shown in figures 4, 5 and 6.
It is easy to see, that DGO and H RASP2 almost performs
equally according to k-measure. Even with different fill and
size, the results are the same. Hypothesis 1) is thereby shown
to be correct.

Regarding hypothesis 2), figures 1, 2 and 3 show a small
improvement in centralization. The graphs only display the
first 10 nodes, and therefore for N = 10 (figure 1), the value
goes to 1. This indicates, that 100% of the edges are included
in the plot. As a result, it shows that for smaller graphs (N
< 50), DGO delivers a better centralization than H RASP2,
but for larger graphs the result is not conclusive.

The time issue tested in hypothesis 3), is shown in figures
7, 8 and 9. These confirm that DGO is faster than H RASP2.
The hypothesis is therefore shown to be correct.

For hypothesis 4) the result is not yet conclusive since
only N = 6,7 and 8 was able to be executed. The preliminary
results are shown in figures 10, 11 and 12. These show that
DGO is close to the optimal solutions, as found by the brute
force. The conclusion is that Dam’s Graph Optimization is
coming close to the optimal solution, and that it matches
H RASP2 in optimization.

VI. CONCLUSION

This paper suggested a simple taxonomy known as k-
measure for evaluating a distributed systems design when
it comes to communication and dependencies between
modules. Depending on the specific requirements different
trade-offs between performance and ressource usage can be
chosen. Moreover, the algorithm DGO was introduced to
create design proposals based on an input graph specify-
ing the communication/dependency requirements. DGO was
shown to be faster than the previously proposed algorithm
H RASP2, while producing comparable and near-optimal
results. The algorithms were also compared with respect to
centralization, where DGO was shown to be just slightly
better. This could indicate a limited potential, unless higher
k-values are accepted.
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Figure 1. Centralization of H RASP2 and DGO with N = 10. The higher
at a low node number, the better

Figure 2. Centralization of H RASP2 and DGO with N = 30

Figure 3. Centralization of H RASP2 and DGO with N = 50

Figure 4. Performance of H RASP2 and DGO with N = 10

Figure 5. Performance of H RASP2 and DGO with N = 30

Figure 6. Performance of H RASP2 and DGO with N = 50



Figure 7. Execution time for H RASP2 and DGO with N = 10

Figure 8. Execution time for H RASP2 and DGO with N = 30

Figure 9. Execution time for H RASP2 and DGO with N = 50

Figure 10. Algorithm approximation to optimal solution for N = 6

Figure 11. Algorithm approximation to optimal solution for N = 7

Figure 12. Algorithm approximation to optimal solution for N = 8


