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Abstract—Multi-hop MIMO relay systems have been discussed
in several published papers. However, the diversity as well as
the capacity is obtained when the signal to noise ratio (SNR)
is assumed to be fixed. In this paper, to obtain a high channel
capacity, we express a propagation process of multi-hop MIMO
relay system with decode-and-forward (DF) method by numerical
formula, and the position of each relay, meaning the distance
between each transceiver is optimized. The channel capacity of
DF system is compared to that of AF system. In addition, the
limitation of channel capacity when the number of relay tends
to infinity is considered.

Index Terms—Multiple-hop MIMO relay system, Decode-and-
Forward, Optimizing position, Upper bound of channel capacity,
Infinite relay number

I. INTRODUCTION

In recent years, multiple-input multi-output (MIMO) tech-
nology using multiple antennas at both the access point (base
station) and user terminal sides has become a popular research
field of next-generation mobile communication systems. The
increase of system capacity under finite frequency bandwidth
has made the MIMO system unique and efficient in data
transmission.

In terms of the scientific underpinnings, a research on
MIMO can be divided into three following areas, namely, 1)
array antennas and adaptive signal processing for the imple-
mentation of antenna configurations and control methods, 2)
information theory and coding schemes (space-time coding)
for the implementation of an efficient data transmission, and
3) radio wave propagation for the modeling of MIMO channel
[1]-[8].

The Gaussian MIMO relay channel with fixed channel
conditions, and derive upper bounds and lower bounds that can
be obtained numberically by convex programming. The upper
bound and a lower bound on the ergodic capacity is found.
The sufficient conditions for achieving the ergodic capacity;
and in particular, for the case where all nodes have the same
number of antennas, the capacity can be achieved under certain
signal to noise ratio (SNR) condition [9].The capacity of a
particular large Gaussian relay network is determined in the
limit as the number of relays tends to infinity. Upper bounds
are derived from cut-set arguments, and lower bounds follow
from an argument involving uncoded transmission. It is shown
that in cases of interest, upper and lower bounds coincide in the
limit as the number of relays tends to infinity. Hence, a new
example where a simple cut-set upper bound is achievable,
and one more example where uncoded transmission achieves
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optimal performance, are provided[10].

In the future, it is believed that the MIMO service area will
become fashionable. Thus, an expansion of a service area to
an isolated area is anticipated. Based on this idea, the authors
have proposed a general idea of a MIMO relay system that can
maintain the ability of high-speed and/or high-reliability data
transmission. A MIMO relay system can relay radio signals
from a MIMO service area to an isolated area. In general,
when a MIMO relay system has only one relay, the whole
channel in the MIMO relay system is equivalent to a MIMO
multi-keyhole environment. In a multi-keyhole environment,
the probability density functions (PDFs) of singular values of
channel response matrix or eigenvalues of correlation matrix
are important from a viewpoint of system designing such as
transmission characteristic meaning channel capacity and bit
error rate analysis. When the number of the relay antenna
elements is less than the number of the transmit and receive
antenna elements, the channel capacity of MIMO relay system
is lower than the one of the original MIMO system. In
addition, when the number of the relay antenna elements
equals the number of the transmit and receive antenna elements
or more, a MIMO relay system can provide the same averaged
channel capacity as an original MIMO system. In other word,
although the number of the relay antenna elements is larger
than the transmit and receive antenna elements, the channel
capacity of a MIMO relay system cannot exceed the one
of an original MIMO system[11],[12]. A multi-hop relay
network with multiple antenna terminals in a quasi-static slow
fading environment also be considered[13]. However, these
researchs assumed the SNR at receiver(s) to be fixed, the
distance between transceiver as well as the transmit power of
transmitter(s) are not considered. In the multiple-hop MIMO
relay system, when the distance between the transmitter (Tx)
and the final receiver (Rx) is fixed, the distance between the
Tx to a relay (RS), a RS to a RS, a RS to the Rx called the
distances between transceivers, is shorten, the SNR, conse-
quently the channel capacity is increased. However, according
to the number of relay and the position of the relays, the
channel capacity is changed. Hence, to obtain the upper bound
of the channel capacity, the position of each relay meaning
the distance between transceivers need to be optimized. We
have analyzed performance of multiple-hop relay system with
amplify-and-forward (AF)[14]. In this paper, we analyze the
performance of system with decode-and-forward (DF) and
to compare to system with AF. In addition, the limitation
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of capacity when the number of relay tends to infinity is
considered.

The rest of the paper is organized as follows. We introduce
the system model in Section II. Section III shows the upper
bound of channel capacity when the distance between each
transceiver is optimized. In Section IV we seek the limitation
of channel capacity when the total number of antenna element
tends to infinity. Finally, Section V concludes the paper.

II. MULTIPLE-HOP MIMO RELAY SYSTEM
A. Concept of system
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Fig. 1. Concept of the multiple-hop MIMO relay system

Fig. 1 shows the multiple-hop MIMO relay system with
m relays intervened. Here, M, N and K; (i = 1---m)
denote the number of the antenna elements at the Tx, the
Rx and each relays. Let the distances between transceivers
are d; (i =0---m). Let us fix the distance between the Tx
and the Rx d. The signal is transmitted from the Tx to the
1t relay. At the 1*" relay, the signal is decoded, encoded and
transmitted to the 2" relay. Similarly, the signal is transmitted
over and over until to the final receiver. We assumed the
transmit power of the Tx (Ep;) as well as the total transmit
power of RS (Erg) are fixed regardless total relay number. In
order to simplify the composition of relay, the total transmit
power of relays is equally divided into each relay. Moreover,
the transmit power of each relay is equally divided into each
antenna element. In other site, as described in Section I, if the
number of antenna elements at the least one relay is smaller
than the other, this relay will be the bottleneck of the system
and the channel capacity of the system will be decreased.
Therefore, to obtain high channel capacity, we assume the
number of antenna elements at each relay is the same as that
at the transceivers.

B. Channel capacity

Let Hji4+1 denotes a ¢ + 1 x ¢ channel matrix between the
it* relay and the i 4+ 1'*" relay. Since the path loss is taken
into consideration, Hj;;; is the composite matrix. We model

Hii 1 as
Hi = V6 H i=0,---,m, (D

Wiit1?
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where Hy,;, , is a matrix with independent and identically
distributed (i.i.d.), zero mean, unit variance, circularly sym-
metric complex Gaussian entries, and l;; 1 represents path loss
between the i*" relay and the i + 1** relay. The path loss is
described in detail in the following section.

Let the channel capacity between the i*? relay and the 74 1"
relay is C}, and C denotes the channel capacity of the multiple-
hop MIMO relay system.

X \ \ [ \
|  RS4 [—{RS | RS [—{ RX
- — |
CO I 0 C1| 1 Cm | m
C
Fig. 2. Channel capacity of multiple-hop MIMO relay system

The access of every relay in this system is assumed to be
controlled accurately, and hence an absence of the interference
is assumed. Therefore, when the signal S;_; is transmitted
from the i — 1*® relay, the received signal at the i*" relay is
expressed as [9],

Si = Hi_1ivPi—1Si—1 +n;. ()

Here, P; = diag(pi1, pi2, -+, Pix;) is the transmit power
matrix and be assumed to be subject to a constraint
Er, (i=0)
Tr(P;) = . ’
@) ={ L (7o)

where T'r(-) and p;; denote the trace and transmit power of
40 antenna element of i*" relay, respectively. n; is the noise
vector with i.i.d., zero mean, o2 variance.

The other site, the channel capacity is as follows,
SNRin

Ci:logg(det(IKH_l—ﬁ- Ki+1

H11+1H11+1))’ fOT’ Z:O7 c, MM,

3)
where Ik, is K; x Kj unit matrix. Since the channel capacity

C; (i =0,---,m)is independent of the other one, the channel
capacity of the system is expressed as

C= min(C01 Cl? ) CIH)' (4)

In addition, Hj; (1 Hfj,; (i = 0,---,m) can be assumed to
be an unit matrix. Consequently, the SNR can be examined
instead of a channel capacity. Thus the upper bound of the
channel capacity of the system is obtained when the channel
capacity of every receivers meaning the SNR of every receivers
are equal. Therefore, it is necessary to optimize the distances
between each relay in order to obtain the upper bound of the
channel capacity of the system.

C. Path loss

The system channel matrix is proportional to P; and
li (¢=0,---,m). We assume that the total transmit power
of relays is fixed whereas the number of relay is changed, and
the transmit power of each relay is kept the same. Therefore,
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the path loss plays an important role in the channel model. At
scheme 1, we assume the path loss is only attenuated by the
second power of the propagation distance. Thus the path loss

becomes
A

47Tdi

L= (=) (5)
where ) is the wavelength.

However, the path loss is necessary to consider being
attenuated by the reflection, since there are a lot of transmit
obstacle, such as tall building, in propagation environment.
The power of signal is reduced when the reflection is occurred.
An amount of the reduction by one time of reflection is
called reflection factor. It is natural that the reflection factor
is changed according to matter of obstacles, the angle of
reflections and so on. However, in this paper, the reflection
factor of all reflections is assumed to be the same and denoted
by a. The path loss in this case is indicated for scheme 2, and
expressed as [15]

[ — Aatt
e (471' di

where ¢; is the number of reflection while a signal is trans-
mitted between it and 7 + 1t relays. In addition, in order to
obtain the number of reflection, the propagation environment
coefficient D; is defined as the average distance from a
transmitter or from a reflection point to the next reflection
point or a receiver. In other words, it is the average of
line-of-sight (LOS) distance between transceiver. Therefore,
the number of reflection between each transceivers can be
expressed as t; = %. Consequently, the path loss in (6) can
be rewritten as

)?, (6)

)2, @)

III. BOUND OF CHANNEL CAPACITY
A. Optimizing distance

1) DF scheme: In order to obtain the upper bound of
channel capacity of system, all of SNR are necessary to be
equal.

SNR; = SNR;, fori#3j, i,j=0---m, (8)
where
Erxlp
SNRy = ,
0 Mo?
ERrsl; .
SNR; = mJI\}Sa?’ with i = m,

where M is the number of antenna element at transmitter, each
relay and final receiver.
By solving (8), the optimized distances become,

fOT’i;’éj, 27]:1m
d—mdi.

d = d,
dy =

In case of scheme 1, the propagation loss shown in (5) is
substituted in (8). By solving this equation, the optimized
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distances between transceivers are obtained and be expressed
as,

dv/ Ers .
di = : Wi=1,---,m, O
B myEng o m, ©)
dvmEry
dy = mer (10)

vmEryx + my/ ERs '

In the case of scheme 2, to analyze performance of this system
easily, let D denote the average of D; (D = Y_." | D;/(m+1))
meaning the average of LOS distance between the T'x and Rx.
The path loss shown in (7) is substituted in (8). The equation
becomes,

P % (m+1)d; —d
M g = (d — mdy)a "B (11)
Pgs
Let s 1y
gldi) =a— 7

The Taylor expansion is approximately used for g(d;), and the
(11) is expressed as

bad} + bzd? + bad? + byd;i 4 by = 0, (12)
where

by = d,

1 X o
b = d(m + )ln(a)imi /mPr b,
D Prs

_d m+1 m(m + 1) 1n(a)
b = (T 5—In(a)? - HEE
_dm+1 m M+1 9
by = ("2 (@)’ - T(=5—In(a)?,
m m-+1
by = (=5 m(a)’.
Therefore, according to solving (12) by using Galois theory

[16], d; is obtained. The case analyzing performance of this
system with different D; is similar. The Taylor expansion

is approximately used for a term a D . Then, the partial
differential equation with respect to each di is obtained, and
each d; can be obtained similarly. However, in this case, we
have made the Taylor expansion, solving partial differential
m + 1 times to obtain each d;.

2) AF scheme: As described in [14], in order to optimizing
the distance between transceiver, the channel capacity of the
Rx is expressed.

1

1
C=logs(det(In(1+— 1)) (13)
o? M(zoéTx + Ers > i zl)
When the function f(m) is defined as
1
m) = N 14
S0 = B B 21 (1

the function f(m) is minimized instead of maximizing the
channel capacity. Consequently, the optimized distance in the
case of scheme 1 is obtained by substituting (5) in (14) and
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the partial differential equation of f(m) with respect to dy and
d;i.
FEryd
ETX + ERS ’
Egrsd )

= ——— i=1

m(ERS + ETX)
In the case of scheme 2, the path loss in (7) is substitutedd_in

do s)

i e, M

(14), and the Taylor expansion is approximately used for aDi.
Consequently, the optimized distance is obtained as same as
the case of DF. The detail is described in [14].

B. Bound of channel capacity

As described in [14], the channel capacity of different D;

with optimized distance of average D is considerably lower
than the capacity of average D. However, the difference of
channel capacity in both cases of D and D; is not so much.
It can be explained that although the propagation environment
between each transceiver is different, by using the optimization
distance method mentioned before, the distance is shorten in
environment with small D;. Consequently, no relay becomes
bottleneck, and the channel capacity reachs close to that of
D. Additionally, according to the central limit theorem, the
channel capacity of D; is lower than that of D, because the
distance dispersion in the case of D; is bigger than that of the
case of D. In real environment, it can be considered that the
propagation environment between each transceiver is different,
therefore the optimized distances should be decided by the
method with different D;. However, the difference in channel
capacity of both cases is not so much and the calculation
in case of D is much simpler than that in case of Dj, thus
the optimization distance method with average D is used to
evaluate channel capacity from now on.
The system parameters are summarized in Table 1. Figs. 3, 4
show the channel capacity in both cases of AF and DF with
propagation environment coefficient D is 1000 m and 4000
m, respectively.

TABLE I
NUMERICAL PARAMETERS

Antenna elements at Tz, Rz, RS 4
Transmit power of T'x [mW] 100
Total transmit power of RS [mW] 100
Noise power [mW] 6.12e-011
Reflection factor 0.38
Distance between T'x-Rx [m] 3000

As shown in Figs. 3 and 4, the optimized distance in the
scheme 2 is more effective, and higher channel capacity can
be obtained in both D, 4000 m and 1000 m. In other words,
the optimized distance in scheme 2 is always more effective
regardless of the propagation environment. Additionally, in the
same system model as well as the propagation environment,
the channel capacity of DF scheme is higher than that of
AF scheme. However, the structure of relay in DF scheme
is more complex than that in AF scheme, and the power for
encode/decode electric circuit of DF relay not be considered.
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Fig. 3. Channel capacity of system in case of D=1000 m
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Fig. 4. Channel capacity of system in case of D=4000 m

IV. THE LIMITATION OF CHANNEL CAPACITY

As expressed in Figs. 3 and 4, the channel cappacity of
both AF and DF scheme is increased when the number of
relay is increased. When the number of relay tends to infinity,
the limitation of channel capacity is need to be precisely.
When the number of relay is infinite, it means the distange
between each transceiver is enough small to dicide that a®i
becomes one regardless of D;. Consequently, the path loss of

any propagation environment becomes the path loss of scheme
1.

A. DF scheme
According to path loss in 9, the channel capacity of system
is expressed as

A 1 VErs+vVmE
C = Miogs(1 + ()2 —— (Y5 8592y,
47’ Mo d
Therefore, when the number of relay tends to infinite, the
channel capacity also tends to infinite.

(16)
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B. AF scheme

Similarly, the path loss in (15) is substituted in (14),
therefore, the minimum of f(m) can be expressed as,

47\ ? d?
== =————. 17
f(m) < A > ETX + ERS ( )
And the channel capacity is obtained.
A 2 1 ETX + ERS
CfMl092(1+(E) MUQT)' (18)

As a result, when the number of relay infinitely increases and
the parameter is summarized in Table I, the channel capacity
converges in 15.12[bit/s/Hz]. Fig. ?? shows the upper bound
of channel capacity when total transmit power of the T'x and
RS is changed, other parameters are kept the same.

N
o

N
o

o

Limitation of channel capacity [bit/s/Hz]

. . . . . .
400 500 600 700 800 900

Total transmit power [mW]

1 0 I I
100 200 300 1000

Fig. 5. Limitation of channel capacity when total transmit power is changed

Although the channel capacity of DF scheme tends to
infinity when the number of relay tends to infinity, the signal
processing at DF relay takes time longer than that of AF relay.
Thus, the delay of system with DF relay should be considered,
and based on real-time scenario, the number of DF relay is
restricted.

V. CONCLUSION

In this paper, we examined the performance of a multiple-

hop MIMO relay system with the decode-and-forward method.
For a large system channel capacity of a wireless network, the
positions of all relays were optimized. The channel capacity
of DF system is higher than that of AF system, howevver the
structure of relay in DF scheme is more complex than that in
AF scheme, and the power for encode/decode electric circuit
as well as the delay of DF relay not be considered.
In this paper, we have analyzed the system under Gaussian
channel model, this assumption allows for considerable sim-
plification of the analysis. However, under this channel model,
the feature of DF scheme have not described clearly. In the
future, the performance of this system is need to be analyzed
under channel model which is close to practice.
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