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Abstract—A quasi-synchronous optical code division multiple
access (OCDMA) system, which uses a set of pairs of binary and
bi-phase sequences with a zero correlation zone (Zcz) called an
optical ZCZ (O-ZCZ) code as a spreading code, can efficiently
mitigate multiple access interferences (MAI). This paper presents
O-ZCZ codes of length2n+1 with the minimum zero correlation
zone Zcz=1, which possess a low aperiodic autocorrelation
property. They are derived from complementary sequence pairs
of length 2n that the sum of these aperiodic autocorrelation
functions take zero except zero-shift.

Index Terms—sequence design, optical ZCZ code, E-sequence,
optical communication

I. I NTRODUCTION

In short-range wireless communications, quasi-synchronous
code division multiple access (CDMA) systems using a set
of sequences with a zero correlation zone (Zcz) called ZCZ
code, whose out-of-phase periodic autocorrelation functions
take zero for shifts around zero-shift have been discussed,
since MAI can be removed [1]-[6]. There are ZCZ codes with
a good aperiodic autocorrelation property, which can be used
as a synchronization symbol and training ones for channel
estimation [7]-[9].

On the other hand, in optical short range wireless com-
munication, similarly OCDMA using optical ZCZ code (O-
ZCZ code) is also interesting since MAI is free and system
performance is high[10]-[11]. O-ZCZ code which is a set of
pairs of binary and bi-phase sequences has large family size
rather than optical orthogonal code (OOC) code which is a
traditional code for OCDMA [12].

To aim at the further simplification of the hardware and
corresponding to a system design flexibility, O-ZCZ code
whose any sequence possesses a good aperiodic autocorrela-
tion property is desirable. O-ZCZ code with low aperiodic
correlation is drived from a subset of balanced sequences
in ZCZ code constructed by using complementary sequences
which mean a pair of sequences that the sum of out-of-phase
autocorrelation values of the same shifts take zero [13]-[16].

In section 2, ZCZ code and O-ZCZ code are introduced.
In section 3, construction method and logic function of ZCZ
codes are shown. The balanced condition of O-ZCZ code
drived from ZCZ code with low aperiodic auto correlation,
which is given by use of complementary sequences including
E-sequences whose aperiodic autocorrelation function takes
zero at any even shift is concluded. In section 4, aperiodic
autocorrelation functions of three types of O-ZCZ codes are
evaluated by merit factor. Conclusions are drown in section 5.

II. RELATION BETWEEN ZCZ CODE AND O-ZCZ CODE

A. ZCZ Code

Let Z be a set of bi-phase sequences of lengthL defined
by

Z = {a0 , a1 , .., aj , ...aM−1},
aj = {aj

0 , a
j
1 , .., a

j
i , , ...a

j
L−1}, a

j
i ∈ {1 ,−1}.

The periodic correlation function is defined by

Rajaj′ (τ) =

L−1∑
i=0

ajia
j′

(i+τ) mod L

= Cajaj′ (τ) + Cajaj′ (τ − L),

whereCajaj′ is aperiodic correlation function, and be defined
as

Cbj′aj (τ) =



L−1−τ∑
i=0

bj
′

i a
j
(i+τ), 0 ≤ τ ≤ L− 1,

L−1+τ∑
i=0

bj
′

(i−τ)a
j
i , 1− L ≤ τ < 0,

0, |τ | ≥ L.

The setZ is called zero correlation zone code (ZCZ code)
denoted byZ(L,M,Zcz), if its periodic correlation function
satisfies

Rajaj′ (τ) =

 L, τ = 0, j = j′,
0, τ = 0, j ̸= j′,
0, 1 ≤ |τ | ≤ Zcz.

It is called autocorrelation function forj = j′, crosscorrelation
function for j ̸= j′.

Note that the periodic correlation function can be expressed
by aperiodic correlation function. It is assumed that the
both periodic and aperiodic correlation function have similar
correlation properties.

B. O-ZCZ Code

Let aj be such a balanced sequences with same numbers of
elements 1 and -1 composing the setZ. Similarly, consider a
binary sequencebj of lengthL given by

bj = {bj0 , b
j
1 , .., b

j
i , , ...b

j
L−1}, b

j
i =

1 + aj
i

2
∈ {1 , 0},

Let A be a set of pairs of binary sequencesbj and bi-phase
sequencesaj , written as

A = {(b0L , a0
L ), ..., (b

j
L, a

j
L), ..., (b

M−1
L , aM−1

L )}.
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The setA is called optical ZCZ (O-ZCZ) code and denoted
by A(L, M̂ ,Zcz ), if its periodic correlation function satisfies

Rbj′aj (τ) =

 L/2, τ = 0, j = j′,
0, τ = 0, j ̸= j′,
0, 1 ≤ |τ | ≤ Zcz.

The periodic correlation function betweenbj andaj at shift
τ is written as

Rbj′aj (τ) =

L−1∑
i=0

bj
′

i a
j
(i+τ)modL

=
L−1∑
i=0

(
1 + aji

2

)
aj(i+τ)modL

=
1

2
Laj

i
+

1

2
Raj

i
aj
i
(τ),

where

Laj =

L−1∑
i=0

aji .

If aji is a balanced ZCZ sequence, thenLaj =0.
O-ZCZ codeA(L, M̂, Zcz) is restricted by the theoretical

bound as

M̂ < M ≤ L

Zcz + 1
. (1)

whereM̂ andM denote family size of O-ZCZ code and ZCZ
code, respectively.

Note that as O-ZCZ code with low aperiodic autocorrelation
is drived from a subset of balanced sequences in ZCZ code
with low aperiodic autocorrelation properties.

III. C ONSTRUCTION ANDLOGIC FUNCTION

In this section, several methods for constructing O-ZCZ
code given by ZCZ code with a good aperiodic autocorrelation
property are introduced. The balanced condition of O-ZCZ
code is theoretically concluded. A given logic function for
ZCZ code is explained.

A. General Method

The Sylvester type Hadamard matrix of order2n used as a
source matrix, is defined by

Hn =

(
Hn−1 Hn−1

Hn−1 −Hn−1

)
, H1 =

(
1 1
1 −1

)
.

with HnH
T
n =2nIn, whereIn denotes a unit matrix of order

2n.
ZCZ codeZ(2n+1, 2n, 1) is expressed by using a matrix of

order2n × 2n+1 defined by

Z =



a0

a1

...
aj

...
a2

n−1


= Hn(In, Dn). (2)

where,Dn is a diagonal matrix of order2n whose elements
take (−1, 1,−1, 1, ...,−1, 1).

O-ZCZ codeA(2n+1, 2n − 2, 1) can be driven from a set
of ZCZ sequences by removing first and second row, since
the remaining rows are balanced in Eq.(2). However, in this
construction method, O-ZCZ codes with a good aperiodic auto
correlation property can not be given, although the family size
of sequences is large.

Note that aperiodic autocorrelation functions of O-ZCZ
codes can be written as

Cbj′aj (τ) =

 L/2, τ = 0, j′ = j,
0, τ = 0, j′ ̸= j,
0, 1, |τ | = 1.

B. Proposal Method

Since this paper expects O-ZCZ code with good aperiodic
correlation, more construction methods will be considered.
There is a construction method for ZCZ code which is
proposed by T. Hayashida at all [9]. The proposal ZCZ code
is constructed by using E-sequence with a good aperiodic
autocorrelation property, satisfyingCee(τ) = 0 for even-shift
τ = 2m(m ̸= 0).

E-sequences are included in complementary sequences of
length N = 2n, that sum of the aperiodic autocorrelation
functions is zero everywhere except at zero-shift [16], written
as

Ccc + Cĉĉ(τ) =

{
2N, τ = 0,
0, τ ̸= 0.

wherec andĉ denote the pair of binary sequences, respectively.
Note that ZCZ code possess a good aperiodic autocorrela-

tion property close to these two sequences, is desired.
The ZCZ codesZ ′(2n+1, 2n, 1) can be expressed by

Z ′ =



a0

a1

...
aj

...
a2

n−1


= HnGn(In, Dn), (3)

whereGn is a diagonal matrix of order2n whose diagonal
elements equal to complementary sequences which including
E-sequences expressed by

Gn =



g00 · · · 0 · · · 0

0
. . . 0 · · · 0

... · · · gxx · · · 0

0 · · · 0
.. . 0

0 · · · 0 · · · g(n−1)(n−1)


. (4)

where gxx = (−1)g(x⃗) is a different expressions which is
given in [15]. So that two types of ZCZ codes with good
aperiodic correlation properties can be constructed by selecting
Gn properly.
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If the balanced condition of ZCZ code satisfies∑
x⃗∈Vn

(−1)z
′(x⃗) = 0. (5)

then O-ZCZ codesA(L, M̂, Zcz) are exist, and a theoretical
conclusion is given without proof.
[Theorem1] In O-ZCZ codes of lengthL=2n+1, Zcz=1,

when data bitsn is even, O-ZCZ codes constructed by using
complementary sequences (including E- sequences ) are exist,
and the total numbers of O-ZCZ sequences areM̂=2n−1 in
one set, respectively.

At the same time, whenn is odd, O-ZCZ code constructed
by using complementary (excluding E- sequences ) are exist,
and the total numbers of O-ZCZ sequences areM̂=(3/4)2n

in one set.
A given logic function for ZCZ codeZ ′(2n+1, 2n, 1) based

on Eq.(3) and Eq.(4), as

z′(x⃗) = y0y1 ⊕ . . .⊕ yn−2yn−1 ⊕ x⃗ · a⃗⊕ x0xn ⊕ xn (6)

where the x⃗ ∈ Vn, yj ∈ {x0, x1, ..., xn−1} with y0=x0

(yn−1 ̸=x0), a⃗=(a0, a1, ..., an−1) a parameter to give different
E-sequences, and⃗a · x⃗ = a0x0 ⊕ ...⊕ an−1xn−1. If y0 ̸= x0

(yn−1 ̸=x0), the logic function produces complementary se-
quences excluding E-sequences.

As an example, ZCZ codeZ ′(8, 4, 1) is generated by the
logic function in Eq.(6),

z′(x⃗) = x0x1

which is expressed by

Z ′ =


1 1 1 1
1 −1 1 −1
1 1 −1 −1
1 −1 −1 1


︸ ︷︷ ︸

H2


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1


︸ ︷︷ ︸

G2

×




1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 ,

︸ ︷︷ ︸
I2


−1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1


︸ ︷︷ ︸

D2


,

=


1 1 1 −1 −1 1 −1 −1
1 −1 1 1 −1 −1 −1 1
1 1 −1 1 −1 1 1 1
1 −1 −1 −1 −1 −1 1 −1

 .

whereGn used E-sequence as a diagonal matrix. The result
of example has shown that O-ZCZ code witĥM=2 is exist
since it is drived from a subset of balanced sequences in ZCZ
codeZ ′(8, 4, 1) with low aperiodic correlation.

IV. EVALUATION OF O-ZCZ CODES

Three types of O-ZCZ codes are listed in Tabel 1. O-ZCZ1
is a traditional code. O-ZCZ2 a newly given O-ZCZ code

TABLE I
CONSTRUCTIONMETHODS OFO-ZCZ CODES

Type Gn

O-ZCZ1 unit matrix
O-ZCZ2 diagonal matrix ( E-sequence)
O-ZCZ3 diagonal matrix (Complementary sequence)

using complementary sequences ( including E-sequences). O-
ZCZ3 given by one of complementary sequences which do
not include E-sequences in order to compare with O-ZCZ2.

The aperiodic autocorrelation functions of three types of O-
ZCZ codes are evaluated. Two types of criterion are used. One
is the merit factorF defined by

F =
C2

bjaj (0)∑L−1
τ=−L+1 ̸=0 C

2
bjaj (τ)

, (7)

and the other is the maximum absolute aperiodic correlation
valueCmax defined by

Cmax = max|Cbjaj |, for 0 ≤ |τ | ≤ L− 1.

Note thatF is desirable to be large as much as possible. On
the other hand,Cmax is desirable to be small.

In order to examine the aperiodic auto-correlation functions
of O-ZCZ codes in Table 1, the maximum (max), minimum
(min), and average (avg) of merit factors Eq.(7) are discussed.
Tables 2 and 3 show the merit factors of O-ZCZ codes
of length 32 and 128, respectively. O-ZCZ1 has the lowest
merit factors. The maximum and average merit factors of O-
ZCZ2 are higher than others. Therefore, O-ZCZ2 has low
aperiodic autocorrelation. O-ZCZ3 has the highest minimum
merit factors, but the maximum and average merit factors are
relatively lower than O-ZCZ2.

TABLE II
MERIT FACTOR OFA(32, 8, 1)

Fmax Fmin Favg

O-ZCZ1 0.6531 0.1311 0.3921
O-ZCZ2 2.0645 0.8312 1.4479

2.1333 0.8205 1.4769
O-ZCZ3 1.5610 0.8533 1.2071

1.3061 0.7191 1.0126
1.8530 0.7619 1.3076

TABLE III
MERIT FACTOR OFA(128, 32, 1)

Fmax Fmin Favg

O-ZCZ1 0.2029 0.0317 0.1173
O-ZCZ2 2.1603 0.8791 1.5197

2.2305 0.8560 1.5433
O-ZCZ3 1.8221 1.2047 1.5134

1.5851 1.1058 1.3455
1.7965 1.2047 1.5003

Table 4 showsCmax’s, Fmax’s and family sizeM̂ of all O-
ZCZ codes. All the merit factors of O-ZCZ2 codes of length
16 and 64 could not be given, since there exist an immense of
O-ZCZ codes for data bitsn is odd. O-ZCZ3 can not construct
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O-ZCZ code of lengthL = 8, since all the complementary
sequences of length4 are E-sequence.

TABLE IV
APERIODIC AUTOCORRELATION FUNCTIONS OFO-ZCZ CODES

L 8 16 32 64 128
O-ZCZ1 Favg 0.53 0.55 0.36 0.21 0.12

Cmax 3 7 15 31 63

M̂ 2 6 14 30 62
O-ZCZ2 Favg 1.17 − 1.46 − 1.53

Cmax 2 − 6 − 13

M̂ 2 − 8 − 32
O-ZCZ3 Favg − 0.84 1.18 0.63 1.45

Cmax − 5 6 20 20

M̂ − 6 8 24 32

The Figure 1 shows the aperiodic autocorrelation properties
of three types of O-ZCZ codes A(32, 8, 1). It is observed that
O-ZCZ2 codes have better aperiodic autocorrelation property
than other two O-ZCZ codes, and it could be useful syn-
chronous symbol and training one for channel estimation.
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Fig. 1. Aperiodic autocorrelation functions of O-ZCZ codesA(32, 8, 1)

V. CONCLUSIONS

This paper has discussed O-ZCZ codes drived from a subset
of balanced sequences in ZCZ code of length2n+1, Zcz = 1
with low aperiodic correlation.

O-ZCZ code derived from the Sylvester type Hadamard
matrix has2n − 2 sequence pairs with a poor autocorrela-
tion property. On the other hand, O-ZCZ code derived from
an Hadamard matrix derived from complementary sequences
pairs has2n−1 sequence pairs with almost good aperiodic
autocorrelation for evenn and (3/4)2n ones for oddn,
respectively. There exist O-ZCZ codes of2n−1 sequences with
good aperiodic autocorrelation for evenn which are derived
from an Hadamard matrix derived from E-sequences. It can be
assumed that the proposal O-ZCZ codes with a good aperiodic
correlation property can efficiently mitigate the MAI in quasi-
synchronous OCDMA communication systems.
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