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Abstract—Kernel machine plays a critical role in science 

community since temporal data become more important and 

popular with rapidly increasing big data analysis. A major 

problem for the machine is difficulty in constructing kernel 

function. We show that it is possible to adaptively estimate the 

parameters of Gaussian wavelet kernel in Laplace method. Our 

approach is constructed on an obvious fact that the gradient of the 

kernel with respect to a central variable of feature space becomes 

zero. It is remarkable that the complexity of our estimation 

method is O(N) for N data. In order to validate the performance 

of the proposed approach, we simulate two kernel regression 

models which exploit the proposed approach on real electricity 

load data from Korea power exchange and electricity 

consumption data from Ireland's Commission for Energy 

Regulation. 

 

Keywords—Gaussian wavelet kernel, adaptive inference, 

Laplace approximation, electricity load/consumption forecast. 

I. INTRODUCTION 

Kernel machine has been used to solve various problems 

such as regression, classification, clustering, and decision 

making for a long time. In using this kernel machine, procedure 

for determining model parameters including mode or 

covariance matrix of the kernel has to be carefully considered. 

In this paper, we present an efficient estimation method to 

obtain the parameters of a famous kernel function, Gaussian 

wavelet kernel.  Our approach is constructed on the obvious fact 

that the gradient of the Gaussian kernel with respect to a central 

variable in feature space becomes zero. In order to estimate 

them, [1] and [2] exploit cross-validation and Markov chain 

Monte Carlo (MCMC) sampling respectively. However, 

because of the high time complexity, the methods are not proper 

to use in adaptive parameter determination. For N data, the 

complexity of the k-fold cross-validation is O(N3/k). In case of 

MCMC, the accuracy varies depending on the number of 

simulations. It requires hours or even days to calculate accurate 

posterior so it is time-consuming. To avoid the heavy methods, 

Jaakkola and Haussler deal with probabilistic kernel using 

Bayesian sequential approach on parameter estimation [3] that 

allows to estimate the parameter reasonably. However, their 

approach does not solve the problems reflecting the sudden 

change of the trend. Using a recursive method is another 

commonly used method [4]–[7]. However, in using Newton’s 

method, Nelder-Mead simplex, or conjugate gradient, we also 

have to consider the problem of local maxima or convergence 

in this case. 

Our proposed approach in this paper allows flexible 

estimation using probabilistic approach and Laplace 

approximation apart from problems mentioned above. The 

approach is constructed on an obvious fact that the gradient of 

the kernel with respect to a central variable of feature space 

becomes zero. It is remarkable that the complexity of our 

estimation method is O(N). 

The remainder of this paper consists of as follows. In the next 

section, we give short overviews of a Gaussian kernel and 

Gaussian wavelet kernel. In section III, the proposed approach 

is described. Data descriptions and the results of two 

applications are given in section IV. Finally, we present our 

conclusion in section V. 

II. BACKGROUND KNOWLEDGE 

A. Gaussian kernel 

Kernel function plays a key role in kernel-based frameworks. 

The kernel is very useful in solving problems like non-linear 

problems that are difficult to deal with. In science literatures, 

this kernel function is generally used to measure the weight or 

similarity.  

There are many ways to define kernel. As follows, using the 

projection and the inner product toward feature space is the 

most common way to define kernel: 

 

𝑘(𝒙, 𝒙′) = 𝜑(𝒙, 𝒙′)𝑇𝜑(𝒙, 𝒙′) 
           = ∑ 𝜑𝑖(𝒙, 𝒙′)𝑇

𝑖 𝜑𝑖(𝒙, 𝒙′) 

 

We could reasonably define kernels such as Gaussian, Matérn 

class, 𝛾-exponential, rational quadratic. Among them, this 

paper illustrates the most commonly used kernel, Gaussian 

kernel.  

Gaussian kernel defined by equation (1) 

 

𝑘𝐺(𝒙, 𝒙′) = 𝑒𝑥𝑝 (−
1

2
|𝒙 − 𝒙′|𝑆

𝑇𝚺−1|𝒙 − 𝒙′|𝑆 )        (1) 

 

has a very familiar form to us.  The internal factors of this 

simple function explains what factors have to be considered in 

using kernel and how kernels can be used. The first factor 
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|𝒙 − 𝒙′|𝑆 is the operator that measures the distance between 𝒙 

and 𝒙′ in feature space S. Before we use the operator, which 

feature space to consider and which distance measure to use 

have to be determined. Inappropriate and irrelevant choice ruins 

the machine using this function so a proper choice has to be 

made. The minus mark is the second factor. This mark leads to 

the increase in the value of equation (1) as the distance measure 

value decreases, so it makes equation (1) to measure similarity. 

In other words, as the two variables get similar, the greater the 

values will be. The last factor, 𝚺 is the parameter that adjust the 

value of |𝒙 − 𝒙′|𝑆
2. By defining relation between bases which 

consist of S, this parameter gives weight to each elements of 

|𝒙 − 𝒙′|𝑆
2 , and highly controls the performance of the kernel 

machine using equation (1). Therefore, to maximize the use of 

the advantages of kernel machine, this parameter has to be 

carefully determined. 

B. Gaussian wavelet kernel 

Gaussian wavelet kernel is a Gaussian kernel that S is 

defined by wavelet spaces.  Consider discrete wavelet kernel 

with discrete wavelet transform (DWT) as an example. DWT is 

one of the most popular candidates among the signal processing 

transforms. The transform gives us independent multi-scale 

resolutions and analyses a discrete signal 𝒙 , 𝒙 ∈ 𝐿2(ℝ) = 

{𝑓 | ∑‖𝑓‖2 < ∞}  by decomposing a local signal with scale 

function,  𝜑 , and mother wavelet, 𝜓 . For example, using 

decomposition level J = 3, we can approximate a stationary 

discrete signal 𝒙 of length 25 as  

 

𝒙 = ∑  𝚿1,𝑖
𝒙[𝑖]24−1 

𝑖=0 𝜓1,𝑖  +∑  𝚿2,𝑗
𝒙[𝑗]23−1 

𝑗=0 𝜓2,𝑗   

+ ∑  𝚿3,𝑘
𝒙[𝑘]22−1 

𝑘=0 𝜓3,𝑘   + ∑  𝚽3,𝑟
𝒙[𝑟]

𝜑3,𝑟
22−1 
𝑟=0  

 

where 𝚽𝑠,𝜏
𝒙 =< 𝒙, 𝜑𝑠,𝜏 >  and 𝚿𝑠,𝑘

𝒙 =< 𝒙, 𝜓𝑠,𝜏 >   The 

operator < 𝑎, 𝑏 > denotes the sum of the elements of a times 

b  The parameters 𝑠, 𝜏 ∈ ℝ , 𝑠 > 0  are the dilation and 

translation factors and notations 𝜑𝑠,𝜏  and 𝜓𝑠,𝜏  are translated, 

and scaled versions of 𝜑  and 𝜓 , respectively. The mutual 

orthogonality of each wavelet and scale allows us to consider a 

local signal in several independent spaces simultaneously. This 

means that the probability of 𝒙  in real-time space can be 

measured jointly:  

 

𝑝(𝒙) ∝ 𝑝𝚽𝐽
(𝒙) ∏ 𝑝𝚿𝑗

(𝒙)𝐽
𝑗=1  . 

 

Thus, a Gaussian (discrete) wavelet kernel, can be defined by  

 

𝑘𝐷𝑊𝑇(𝒙𝑖 , 𝒙𝑗) = 𝑒𝑥𝑝 (−
1

2
𝚽𝐽,𝑘𝚽

𝒛 𝑇
𝚺𝚽𝐽,𝑘𝚽

𝒛
−1 𝚽𝐽,𝑘𝚽

𝒛  ) 

      × ∏ 𝑒𝑥𝑝 (−
1

2
𝚿𝑗,𝑘𝚿

𝒛 𝑇
𝚺𝚿𝑗,𝑘𝚿

𝒛
−1 𝚿𝑗,𝑘𝚿

𝒛  )𝐽
𝑗=1 .  (2)  

 

Here, 𝚽𝐽,𝑘𝚽

𝒛 = [Φ𝐽,0
𝒛 , Φ𝐽,1

𝒛 , … , Φ𝐽,𝑘𝚽−1
𝒛 ]  and 𝚿𝑗,𝑘𝚿

𝒛 =

[𝚿𝑗,0
𝒛 , 𝚿𝑗,1

𝒛 , … , 𝚿𝑗,𝑘𝚿−1
𝒛 ]  𝒛  denotes 𝒙𝑗 − 𝒙𝑖. 

 

 

III.  PROPOSED APPROACH 

In this section, for simple description, we propose our 

approach for (1). It is straightforward to generalize the 

approach for (2). 

For modeling an elaborate structure of kernel based machine, 

it is necessary to find the parameters. The process to estimate 

them is very important since how we determine it decides 

performance. Although there are lots of solutions to estimate 

the parameter such as CV or MCMC, in general, they are not 

without time cost problem. Moreover, the time complexity of 

those approaches are sometimes exponentially increasing as the 

dimension of the parameter become large. 

In this paper, we propose an efficient estimation method 

based on Laplace approximation. In general, the approximation 

consists of two steps; finding mode and estimating covariance 

matrix by calculating Hessian matrix at the given mode. The 

most frequently used approach for the first step is recursive 

method such as Nelder-Mead simplex. However, for accuracy 

and computational efficiency, we avoid to use it. The major 

problem of it is local maxima problem. In addition, it requires 

un-predictable memory or time consumption. To reduce loss 

that stems from them, we use the global maxima which is given 

at every moment. For the work, we focus on the following 

important properties of normalized similarities 

 

𝑘𝑛𝑜𝑟(𝒙𝑖 , 𝒙𝑛) =
𝑘𝐺(𝒙𝑖,𝒙𝑛)

∑ 𝑘𝐺(𝒙𝑗,𝒙𝑛)𝑗=1
      (3) 

 

between xn and x1:n-1 defined by equation (3): 

 A feature space of a kernel machine which uses equation 

(3) is defined by S (see II-A Gaussian kernel function) 

and xn. 

 If xn changes, the location of S where the machine 

focuses changes. 

 The range is from zero to one, and the total sum is one.  

 For a central variable in the feature space, xi = xn, 

equation (3) becomes one. This point is a global maxima 

in similarity domain. 

The third property allows equation (3) to become probability in 

the feature space or the weight for weighted averaging process. 

And the last property implies the fact that the kernel is smooth 

in distance domain and the gradient of the Gaussian kernel with 

respect to the co-variation becomes zero. Note that the property 

makes the estimation avoid to find local maxima. From these 

properties, a p(xi) in a feature space of a kernel machine 

expressed as 

 

𝑝𝒙𝑛
(𝒙𝑖) ∝ 𝑘(𝒙𝑖 , 𝒙𝑛). 

 

Moreover, with inverse Wishart distribution for a parameter 

sets {𝜴−1, 𝜈, 𝛼}, we can represent  a posterior over 𝚺 by 

 

𝑝(𝚺|𝒙1:𝑛, 𝜴−1, 𝜈, 𝛼, 𝜽) = 𝑝(𝚺|𝜴−1, 𝜈, 𝛼)𝑝(𝒙1:𝑛, |𝚺, 𝜽) 

 

where 

𝑝(𝚺|𝜴−1, 𝜈, 𝛼) ∝ |𝚺|−
𝜈+𝛼+1

2 𝑒𝑥𝑝 (−
1

2
Tr(𝜴−1𝚺−1)). 

581ISBN 978-89-968650-7-0 Jan. 31 ~ Feb. 3, 2016  ICACT2016



 
Figure 1.  KPX electiricy load data plot 

 
Figure 2.  KPX electricity load data plot for one week 

The proposed approach exploits Laplace approximation at 

𝒙𝑛 and suggests that 

 

𝚺𝑀𝐴𝑃 ∝ 𝜴−1 + 𝑺 

 

where 𝑺 ∝ ∑ (𝒙𝑖 − 𝒙𝑛)𝑛−1
𝑖=0 (𝒙𝑖 − 𝒙𝑛)𝑇  with 𝛁𝒙

2𝑝(𝒙)|𝒙=𝒙𝑛
. 

Namely, 𝑺−1 is Hessian matrix of the kernel at 𝒙𝑛. This method 

illustrates the 𝚺 can be calculated through the complexity of 

O(N). With this small complexity, we could estimate the 

parameter adaptively. In times when we are using MCMC, CV, 

and large data set, the fact that we do not estimate the parameter 

every time due to computational burden can be quite 

meaningful. Especially, it is more meaningful when several 𝚺s 

are estimated quickly in multi-dimension. 

IV.  APPLICATIONS 

In this section, we forecast electricity load/consumption to 

verify the validity of the proposed approach. Electricity 

load/consumption forecasting is an important factor in the 

operation planning, maintenance, and capacity evaluation of a 

system. Researchers in many countries have studied and 

applied various techniques to forecast electricity load or 

demand. 

For performance analysis, we implemented two main 

techniques for the kernel based regression; Weighted k-nearest  

 
Figure 3.  CER electiricy demand data plot 

 
Figure 4.  CER electricity demand plot for one week 

neighbors (k-NN) regression and k-NN applied Gaussian 

process regression. In addition, we used DWT among 

{complex, continuous, discrete}-wavelet transform since the 

type of the data is real time series. 

A. Data description & Variable setting 

We use two observation sets, shown in Figures 1-4. Figure 1 

and 2 are the public on-line data of the Korea Power Exchange 

(KPX) of the Republic of Korea. KPX is a public company 

located in the Republic of Korea. The company provides power 

data on its Web-page, http://www.kpx.or.kr. In this experiment, 

using a python implementation, we crawled the data for the 

period between 00:00, Dec. 25th 2011 and 23:55, Aug. 12th 

2013. In order to solve the memory problem efficiently, we pre-

processed the data to provide an interval of 30 minutes. The 

KPX data show three intervals: a week, 3 months, and a year.   

Another set of observations, the collected and published data 

of Ireland's Commission for Energy Regulation is also used. 

The data were measured every 30 minutes. To solve the forecast 

problem, we created 30 minute intervals of the total power 

supply data in a time series model using the given data. The 

CER data has periods of a day, week and year. More detail 

about the data can be found at http://www.ucd.ie/issda/data/. 

For the forecast, we refine random variables. We divide a 

given trajectory of discrete time stationary stochastic process, 

𝑂 = {𝑂𝑛 , 𝑛 ∈ ℕ}, into sequential blocks. The stochastic process 

over the block, 𝑋 = {𝒙𝑖 , 𝑖 ∈ ℕ}, is expressed as 
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Figure 5.  One day forecasting of KPX using 𝑘-NN Regression with Gaussian 
discrete wavelet kernel + Proposed approach (l=64, k=1050, J=1) 

 

𝒙𝑖 = 𝑂{𝑘 + (𝑖 − 1)𝑙}, 𝑖, 𝑘 ∈ ℕ, ∀𝑘 ∈ (0, 𝑙] 
 

where 𝑙 is block length. This approach is well known in the 

statistical community since it enables us to understand the 

whole progress of the stochastic process. Moreover, the index 

is reordered according to certain criterion such as Euclidean 

distance from 𝒙𝑛 in the space. We denote the reordered pair by 
{𝒙𝑖 , 𝑦̃𝑖} where 𝑦𝑖 = 𝑂{(𝑖 × 𝑙) + 1}. Remind that our task is to 

estimate the 𝑦̂𝑛, finding the relations between the elements of 

𝒙1:𝑛 (= {𝒙1, 𝒙2, … , 𝒙𝑛})  in the space.  

B. Experimental Results 

To verify the validity of the proposed approach, we 

forecasted the electricity load/consumption through the kernel 

regression models using proposed model, and same models 

using Nelder-Mead simplex for one day(=forty eight steps).  

To find the most accurate model, we used normalized root-

mean square error (NRMSE) based cross-validation on 

parameters {𝑙, 𝑘, 𝐽}. Each parameters are as follows; 𝑙 is block 

size (see IV-A Data description & Variable setting}) and 𝑘 is 

the clustering parameter of 𝑘-NN. 𝐽 is decomposition level of 

wavelet transform. In case of Gaussian process, the rest of the  

 

 
Figure 6.  One day forecasting of CER using 𝑘-NN applied Gaussian process 
with Gaussian discrete wavelet kernel + Proposed approach (l=56, k=100, J=1) 

 

parameters are determined by the Nelder-Mead method based 

maximum likelihood.  

Table I shows the numerical results. The graphical results of 

the most accurate models shown in Figures 5 and 6 have 

margins of 1 or 2 of standard deviation (STD) at each trial. The 

most accurate models in each case are the Weighted 𝑘 -NN 

Regression and 𝑘-NN applied Gaussian process in the case of 

KPX and CER, respectively, and the accuracy of the proposed 

model is higher in all cases. In the first case, the accuracy 

differs by 0.3%, and in the second case, it differs by 0.2%. The 

results show that the computationally efficient approach we 

propose is useful for kernel machines. 

V. CONCLUSIONS 

In this paper, we have proposed an adaptive estimation 

method of O(N) which is based on Laplace approximation for 

Gaussian wavelet kernel. Moreover, two kernel estimators were 

implemented in electricity load/consumption forecast to verify 

validation of the approach. The approaches are compared in the 

perspective of accuracy using NRMSE metrics. For the 

performance evaluation, we used public on-line data of the 

Korea Power Exchange (KPX) that is real electricity load data 

of Republic of Korea and electricity consumption data from 

Ireland's Commission for Energy Regulation. In the 
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experiments, kernel based regression approaches, which exploit 

the proposed approach, outperform the models which do not. 
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