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Abstract—In the last few decades, the performance analysis
of multi-server has become a research hotspot. We consider
a distributed server system in which heterogeneous servers
operating under the processor sharing(PS) discipline. In this
system, when a stream of users’ requests arrive at a dispatcher,
it will dispatch each user to different servers respectively. In this
paper, we analyze the performance of a single server using the
finite capacity M/M/1/N-PS model. For this model, two exact
expressions are derived for both user’s average service time
and average waiting time. Then we analyze the performance of
the system by adopting different assignment strategies. Finally,
considering the limitation of the service time and the waiting
time, we give an assignment strategy in order to obtain the best
performance.

Keywords—Network performance, Multi-Server system, as-
signment strategy, Processor-Sharing Queue, M/M/1/N-PS model

I. INTRODUCTION

With the development of the Internet, people are more

like to rely on the web for their daily activities such as

e-commerce, online banking, stock trading, reservation, and

product merchandising. Consequently, it became evident that

these popular sites must be offered with superior performance

in order to retain existing users and attract new ones [1]. So

performance analysis of servers is quite necessary.

Some work has been done to test server performance.

Menasce presented a good review of server performance

testing in [2]. There exist several commercial and open-source

testing tools. In [3] the author presented an overview of

some of these tools. Simulation models also exist for server

performance testing [4]. However these work lacks of theory

analysis.

Some work has focused on performance modeling and anal-

ysis of servers. Slothouber [5] modeled the server as an open

queuing network. Dilley et al. [6, 7] used layered queueing

models regarding the performance evaluation of a server in

the Internet and Intranet. Reeser and Hariharan [8] presented

an end-to-end analytical queueing model for dynamic server-

side computing following a Poisson arrival process. In [9] the

author proposed a Markovian queueing model with a variable

number of servers to analyze the performance of an Apache

server. Aljohani [10] introduced a simple queueing model

to analyze the performance metrics of server under varying

traffic loads. Esa Hyytiä [11] considered dispatching problem

in a distributed server system. The author proposed some

assignment strategies and compared them with simulation.

Although much work about analyzing and testing servers

performance has been done, rare work derives the expressions

of the average service time, the average waiting time and the

maximum numbers of concurrent users under PS discipline.

However these are important performance targets. In this

paper, we consider the system illustrated in Fig. 1. The servers

are operated under PS discipline. When a user arrives, it will

be dispatched to one of the servers. The user will be served

immediately or later according to the number of users being

served is more or less than the maximum number of concurrent

users.

The rest of this paper is organized as follows. In section

II, we analyze the performance of a single server based

on an M/M/1/N-PS model. In section III, performance of

multi-server system is analyzed under different assignment

strategies. Section IV contains the numerical examples. Finally

section V concludes the paper.

II. PERFORMANCE ANALYSIS OF A SINGLE SERVER

In this section we analyze an M/M/1/N-PS model and derive

the expressions of the average service time and the average

waiting time. The result is utilized later in section III to

analyze the performance of multi-server.

Let λ denote the Poissonian arrival rate and 1/μ denote the

mean of the exponentially distributed service time. Further-

more, ρ = λ/μ is the offered load assumed to be less than

Fig. 1. The System Architecture.
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one, ρ < 1. We assume that one server can serve at most

N users at the same time. In the other words, the maximum

number of concurrent users is N . When a user arrives at the

system, it will be served immediately if there are less than

N users being served. Otherwise, it will wait. We assume the

queue’s capacity is infinite. This is an M/M/1/N-PS model.
Let J indicate service time the user need. And when the

system is in the steady state, K denotes the number of users

in the system, W denotes the user’s waiting time and S denotes

the user’s service time.
Because the departure process is same as M/M/1 queue

model, the stable distribution of the number of users is

P {K = n} = (1− ρ) ρn, n = 0, 1, 2, · · · . (1)

A. Analysis of the average service time
Assume the service time a user need is x, when it arrives at

the system there are n users being served. Let Fn (x, t) denote

conditional distribution function of the service time S under

K = n, J = x when the system is in the steady state. So,

Fn(x, t) = P{S ≤ t|K = n, J = x.},
n = 0, 1, 2, · · · , x > 0.

Let fn (x, t) denote conditional probability density function,

fn(x, t)dt = Fn(x, t+ dt)− Fn(x, t),

n = 0, 1, 2, · · · , x > 0.

Next, we analyze fn (x, t) under two conditions based on a

arriving user need to wait or not.
1) n = 0, 1, · · · , N−1: When a user arrives to the system,

it will be served immediately in this condition. Base on the

system model, the conditional probability density function is

same as finite capacity M/M/1-PS model. Base on [12], we

can get

∂

∂t
fn (x, t)

=− 1

n+ 1

∂

∂x
fn (x, t) + λ

[
fn+1 (x, t)− fn (x, t)

]
+

μn

n+ 1

[
fn−1 (x, t)− fn (x, t)

]
,

n = 0, 1, 2, · · ·N − 2, x > 0.

(2)

Its boundary condition is

∂

∂t
fN−1(x, t) =

μ(N − 1)

N
[fN−2(x, t)− fN−1(x, t)]

− 1

N

∂

∂x
fN−1(x, t).

(3)

The conditional mathematical expectation of S under K =
n, J = x is

en(x)
Δ
= E{S|K = n, J = x.}
=

∫ ∞

0

t fn(x, t)dt, n = 0, 1, 2, · · · , N − 1.
(4)

Based on (2), (3) and (4), we can get

− 1

n+ 1

d

dx
en(x) + λ[en+1(x)− en(x)] +

μn

n+ 1
×

[en−1(x)− en(x)] = −1, n = 0, 1, 2, · · · , N − 2.
(5)

Its boundary condition is⎧⎨
⎩

− 1
N

d
dx

eN−1(x) +
μ(N−1)

N×[eN−2(x)− eN−1(x)] = −1,
en(0) = 0, n = 0, 1, · · · , N − 1.

(6)

2) n = N,N + 1, · · · : In this condition a user must wait

when it arrives at the system. According to the above,

Fn (x, t) = FN−1 (x, t) , n = N,N + 1, · · · (7)

The conditional mathematical expectation of S under K =
n, J = x satisfies

E {S |K = n, J = x} = E {S |K = N − 1, J = x} ,
n = N,N + 1, · · · . (8)

Introducing the generating function

T (x, z) =

N−1∑
n=0

en (x) z
n

+
∞∑

n=N

E {S |K = N − 1, J = x} zn.
(9)

According to (1), (9) and [12], we get the conditional

mathematical expectation of S under J = x is

E {S |J = x} = (1− ρ)T (x, ρ) .

Use the Laplace transform used in [13], according to (2)-(8),

we can get

E {S |J = x}
=

x

1− ρ

[
1− ρN +NρN (ρ− 1)

]
+NρNx

=
1− ρN

1− ρ
x.

Because the service time a user need follow exponential

distribution with parameter μ,

P {J ≤ x} = 1− e−μx, x > 0.

Then we can get the average service time is

E (S) = E [E (S |J )] =
1− ρN

1− ρ
E (J) =

1− ρN

μ (1− ρ)
. (10)

B. Analysis of the average waiting time

As the same with analysis of the mean service time, the

average waiting time is analyzed under two conditions. If there

are less than N users in the system, a user will not need to

wait when it arrives at the system. So,

P{W = 0|K = n, J = x.} = 1,

n = 0, 1, · · · , N − 1, x > 0.
(11)

When n = N,N + 1, · · · , the conditional mathematical

expectation of W under K = n, J = x is

E(W |K = n, J = x) = (n−N + 1)E(S|J = x). (12)
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As the same with the service time, according to (1), (11)

and (12),

E (W |J = x )

=

∞∑
n=N

(1− ρ) ρn (n−N + 1)E (S |J = x )

=
ρN

1− ρ
E (S |J = x ) .

So, the average waiting time is

E (W ) = E [E (W |J )]

=
ρN

1− ρ
E (S) =

ρN
(
1− ρN

)
μ(1− ρ)

2 .
(13)

III. PERFORMANCE ANALYSIS OF MULTI-SERVER

In this section, the results in previous section are utilized

to solve multi-server problem. We derive the expressions of

the average service time and the average waiting time under

different assignment strategies. Then we give the maximum

number of concurrent users under the limitation of the average

service time and the average waiting time. Some numerical

examples are given in the next section.

Assume that the number of servers in the system is m, and

the service rate of server i is μi. The maximum number of

concurrent users of server i is Ni. Let λ denote the Poissonian

arrival rate. A user is dispatched to one of the m server-

s independently in random using a probability distribution

pi, i = 1, . . . ,m. So for each server, it is an M/M/1/N-PS

model mentioned in previous section.

The arrival rate of server i is

λi = piλ.

And the offered load of server i is

ρi =
λi

μi
=

piλ

μi
.

In this paper, we consider two random assignment strategies:

EQU-ρ and EQU-opt.

A. EQU-ρ

One rational choice for the dispatching policy is to balance

the load equally among the servers, so that ρi = ρj for all

i, j. To this end, EQU-ρ uses probability distribution

pi =
μi∑
i

μi
,

which then gives

ρi =
λi

μi
=

λ∑
i

μi
= ρ. (14)

The resulting system is stable as long as the offered load ρ
is less than one.

Then according to (10) and (14), the average service time

of server i is

Ei (S) =
1− ρNi

i

μi (1− ρi)
, i = 1, 2, · · · ,m.

According to (13) and (14), the average waiting time of

server i is

Ei (W ) =
ρNi
i

(
1− ρNi

i

)
μi(1− ρi)

2 , i = 1, 2, · · · ,m.

So the average service time of the whole system is

E (S) =

m∑
i=1

piEi (S) =
1∑m

i=1 μi

m∑
i=1

1− ρNi
i

1− ρi
.

And the average waiting time of all users is

E (W ) =

m∑
i=1

piEi (W ) =
1∑m

i=1 μi

m∑
i=1

ρNi
i

(
1− ρNi

i

)
(1− ρi)

2 .

B. EQU-opt

EQU-opt policy uses the probability distribution that min-

imizes the mean sojourn time which is sum of the average

service time and the average waiting time. Based on before,

we can get the mean sojourn time is

E (T ) =
m∑
i=1

piEi (T ) =
m∑
i=1

pi (Ei (S) + Ei (W ))

=
m∑
i=1

pi ·
(
1− ρNi

i

)(
1− ρi + ρNi

i

)
μi(1− ρi)

2 .

(15)

Since every Ei (T ) is independent to other, we can calculate

the value of Ni when Ei (T ) get the minimum. Let aN =(
1− ρN

) (
1− ρ+ ρN

)
. So

aN+1 − aN = ρN+1 (1− ρ)
(
ρN + ρN−1 − 1

)
.

When N = 1, a2 − a1 = ρ3 (1− ρ) > 0, and when N is

big enough, aN+1 − aN < 0. So with the increasing of N ,

aN first increase and then decrease. Obviously, Ei (T ) is same

with aN . Thus the Ei (T ) get the minimum when Ni = 1 or

Ni → ∞. However lim
Ni→∞

Ei (T ) =
1

μi(1−ρi)
is equal to the

value of Ei (T ) when Ni = 1. So (15) can be simplified to

E (T ) =

m∑
i=1

piEi (T ) =
m∑
i=1

pi
μi (1− ρi)

=

m∑
i=1

pi
μi − piλ

.

The optimal probability distribution can be obtained with

aid of Lagrange method. We introduce the Lagrange multiplier

t. Let

F (pi, t) =
m∑
i=1

pi
μi − piλ

− t

(
m∑
i=1

pi − 1

)
.

According to Lagrange method, we can get⎧⎨
⎩

∂F
∂pi

= μi

(μi−piλ)
2 − t = 0

∂F
∂t =

m∑
i=1

pi − 1 = 0.
(16)

Solving (16), we can get

pi =
1

λ

(
μi −

√
μi

β

)
,
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where β =
∑m

i=1

√
μi

(
∑m

i=1 μi)−λ
.

So the offered load for server i is

ρi =
λi

μi
= 1− 1

β
√
μi

. (17)

According to (10) and (17), the average service time of

server i is

Ei (S) =
1− ρNi

i

μi (1− ρi)
, i = 1, 2, · · · ,m.

According to (13) and (17), the average waiting time of

server i is

Ei (W ) =
ρNi
i

(
1− ρNi

i

)
μi(1− ρi)

2 , i = 1, 2, · · · ,m.

Then the average service time of the whole system is

E (S) =
m∑
i=1

piEi (S) =
1

λ

(
μi −

√
μi

β

) m∑
i=1

1− ρNi
i

μi (1− ρi)
.

And the average waiting time of all users is

E (W ) =

m∑
i=1

piEi (W )

=
1

λ

(
μi −

√
μi

β

) m∑
i=1

ρNi
i

(
1− ρNi

i

)
μi(1− ρi)

2 .

C. Performance optimization

In the real system, the average service time and the average

waiting time are limited. In this part, the optimal probability

distribution is given to get the best performance with the

limitation of the average service time and the average waiting

time. We take the mean sojourn time and the maximum

number of concurrent users as the performance target. Assume

that the average service time and the average waiting time of

server i must be less than CSi and CWi. Then we get a multi-

objective optimization problem,

min
pi

E (T ) ,max
Ni

N =
m∑
i=1

Ni

s.t.

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

Ei (S) ≤ CSi

Ei (W ) ≤ CWi
m∑
i=1

pi = 1

0 < pi < 1

, i = 1, 2, . . . ,m.

The NSGA-II mentioned in [14] can be used to get the

probability distribution.

IV. NUMERICAL EXAMPLES

In this section, we give numerical results of a single server

system to confirm the correctness of our analytical results.

Then the numerical results of a two-server system are given to

compare the performance of system under two different assign-

ment strategies mentioned before. Finally, with the limitation

of the average service time and the average waiting time, we

get the probability distribution and confirm its correctness.

0 5 10 15 20 25 30 35 40
0

0.5

1

1.5

The maximum number of concurrent users N

Ti
m

e

The simulation result of E(S)
The theory result of E(S)
The simulation result of E(W)
The theory result of E(W)

Fig. 2. The performance of a single-server system.

For the single server system, we set λ = 4, μ = 5. Fig.

2 shows that how the average service time and the average

waiting time change with increasing of the maximum number

of concurrent users. Form the figure, we can see that the

simulation results and the theory results are similar. With

the increasing of the maximum number of concurrent users,

the mean service time increases and reaches a settled value

when the number of concurrent users tends to infinite. And

the average waiting time decreases to 0 when the maximum

number of concurrent users tends to infinite. This is an obvious

result since none user need to wait when the maximum number

of concurrent users tends to infinite.

We set λ = 10, μ1 = 6, μ2 = 8 for the two-server system.

Fig. 3-6 show the performance of two servers under two

different assignment strategies. The probability distribution is

p1 = 0.43, p2 = 0.57 with EQU-ρ and p1 = 0.41, p2 = 0.59
with EQU-opt. From these four figures, we can see the average

0 5 10 15 20 25 30 35 40
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

The maximum number of concurrent users N

Ti
m

e

The simulation result of E(S)
The theory result of E(S)
The simulation result of E(W)
The theory result of E(W)

Fig. 3. The performance of server 1 under EQU-ρ.
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Fig. 4. The performance of server 2 under EQU-ρ.
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Ti
m
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The simulation result of E(S)
The theory result of E(S)
The simulation result of E(W)
The theory result of E(W)

Fig. 5. The performance of server 1 under EQU-opt.

service time for server1 is 0.59 and 0.53 with two different

assignment strategies, and the average service time for server2

is 0.44 and 0.46 with two different assignment strategies when

the maximum number of concurrent users is infinite. So the

mean sojourn time is 0.5045 for EQU-ρ and 0.4887 for EQU-

opt. Thus the performance of EQU-opt is better than EQU-ρ
in the aspect of the mean sojourn time.

For the limitation of the average service time and the

average waiting time, we set λ = 10, μ1 = 6, μ2 = 8, ES1 =
0.4, ES2 = 0.3, EW1 = 0.6, EW2 = 0.5. Using the NSGA-II

method, we solve the multi-subject optimization problem and

get p1 = 0.37, p2 = 0.63, N1 = 5, N2 = 1. From Fig. 7 and

Fig. 8, we can see the average service time and the average

waiting time correspond to the limitation, but the mean sojourn

time is larger than EQU-opt and EQU-ρ.
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The simulation result of E(S)
The theory result of E(S)
The simulation result of E(W)
The theory result of E(W)

Fig. 6. The performance of server 2 under EQU-opt.
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The simulation result of E(W)
The theory result of E(W)

Fig. 7. The performance of server 1 under time limitation
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Fig. 8. The performance of server 2 under time limitation
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V. CONCLUSIONS

In this paper, we have studied the performance of multi-

server under the PS discipline. In such system, arriving users

are dispatched to one of the available servers, which then

processes the given users in parallel according to the PS

discipline. In order to analyze the performance of different

assignment strategies, we study the performance of a single

server based on M/M/1/N-PS model. For this model, we

derived the expressions of the average service time and the

average waiting time. Then we apply it to analyze the per-

formance of two different assignment strategies and compare

their performance by numerical examples. And find that the

performance of EQU-opt is better than EQU-ρ in aspect of the

mean sojourn time. Considering the limitations of the service

time and the waiting time in the real system, we get a multi-

object optimization problem with the target of maximize the

number of concurrent users in whole system and minimize the

mean sojourn time. The NSGA-II method is used to solve the

problem. In numerical examples, the result is correspond to the

limitation and the performance of this condition is worse than

EQU-opt. The future work includes considering cooperation

of different servers.
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[11] Esa Hyytiä, Jorma Virtamo, Samuli Aalto and Aleksi Penttinen, “M/M/1-
PS queue and size-aware task assignment”, Performance Evaluation, vol.
68, no. 11, pp. 1136-1148, 2011.

[12] Knessl C, “On finite capacity processor-shared queues”, SIAM Journal
on Applied Mathematics, vol. 50, no. 1, pp. 264-287, 1990.

[13] Knessl C, “On the sojourn time distribution in a finite capacity processor
shared queue”, Journal of the ACM, vol. 40, no. 5, pp. 1238-1301, 1993.

[14] Abdullah Konak, David W. Coit and Alice E. Smith, “Multi-objective
optimization using genetic algorithms: A tutorial”, Reliability Engineer-
ing and System Safety, vol. 91, no. 9, pp. 992-1007, 2006.

Xiaofeng Zhang received the B.S. degree in automa-
tion from the University of Science and Technology
of China, Hefei, China, in 2011. He is currently
pursuing the Ph.D. degree in the Department of
Automation, University of Science and Technology
of China. His research interests include modeling,
optimization and performance analysis of the net-
working.

Baoqun Yin received the B.S. degree in fundamen-
tal mathematics from Sichuan University, Chengdu,
China, in 1985, his M.S. degree in applied mathe-
matics from University of Science and Technology
of China, Hefei, China, in 1993, and his Ph.D.
degree in pattern recognition and intelligent system
from University of Science and Technology of Chi-
na, Hefei, China, in 1998. He is currently a Professor
in the Department of Automation, University of
Science and Technology of China, Hefei, China.
His current research interests include discrete event

dynamic systems, Markov decision processes, queuing systems, and network
resource management and optimization.

Hao Shi received the B.S. degree in automation
from the University of Science and Technology
of China, Hefei, China, in 2012. He is currently
pursuing the Ph.D. degree in the Department of
Automation, University of Science and Technology
of China. His research interests include manifold
learning, dimension reduction.

852ISBN 978-89-968650-7-0 Jan. 31 ~ Feb. 3, 2016  ICACT2016


	1
	로컬 디스크
	file:///E|/01 ICACT2016/02 출판관련/02 Proceeding/ICACT CD/1.txt


	7E-04-169



