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Abstract— For a universal quantum computer, surface code-
protected logical Clifford and non-Clifford gates must be
supported fault-tolerantly. However, to implement non-Clifford
gates, magic states are required, and since these magic states are
faulty, distillation circuits are used to obtain high-fidelity magic
states by utilizing multiple low-fidelity states. It is not easy to
implement and simulate the operations of a distillation circuit
because it requires many resources. This paper presents a
resource-efficient implementation and evaluation of a |Y> magic
state distillation circuit on a quantum simulator.
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I. INTRODUCTION

Developing a fault-tolerant quantum computer with too
noisy qubits and gates on a quantum device is challenging.
Much research is on quantum error correction to support fault
tolerance with topological codes such as surface code [1][2].
Surface code provides the most prominent quantum error
correction method to implement fault-tolerant quantum
computation due to its high error threshold of around 1% and
simple two-dimensional structure with only nearest-neighbour
connectivity [1]. However, it takes many physical qubits to
encode a logical qubit with surface code. Also, the surface
code should be encoded with more physical qubits to provide
a lower error rate. Various techniques, such as braiding [1],
lattice surgery [2][3], and twist [4], can implement logical
operations between logical qubits protected by surface code.
Out of these techniques, lattice surgery can reduce cost and
complexity while maintaining two-dimensional layout.

We need to provide a quantum computer that supports
universal quantum gates such as Clifford and non-Clifford
gates to reap the benefits of quantum computing. Clifford
gates, including Pauli gates, can be effectively simulated on a
classical computer [7] and implemented by lattice surgery.
However, it takes complex work to implement non-Clifford
gates logically. In particular, the logical S and T gates require
the magic state that can be prepared with the state injection
process. Since state injection is not fault-tolerant, the injected
state has low fidelity and needs to be distilled by the magic
state distillation procedure. However, obtaining a higher-
fidelity magic state from multiple lower-fidelity states requires
many resources and time. Previous studies [3][6] have
proposed several magic state distillation protocols and have
calculated their costs numerically.
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The common distillation protocols are to implement the 7-
qubit Steane code for the magic state |y) = L (o) +j1)) consumed

at the logical S gate to purify the state and the 15-qubit Reed-
Muller code for the magic state |.4) - 2 (jo) + ¢%]1) COnsumed at
the logical T gate [1].

Using the quantum simulator QPlayer [8][9], we have
implemented the |Y> state distillation circuit in two different
ways: a multi-target CNOT implementation in lattice surgery
and an implementation based on lattice surgery translation [5],
evaluated the cost of the resources used in them. Here, we
considered the placement of logical qubits to minimize the
resources required to perform multi-target CNOT in lattice
surgery.

This paper is organized as follows. In section Il, we first
introduce the multi-target CNOT-based distillation and lattice
surgery translation-based distillation process for |Y> state and
explain how |Y> state is purified through these processes.
Then, in section Ill, we implemented the above circuits on
different placements of logical qubits and evaluated the cost of
the resources.

Il. DISTILLATION PROCESSES FOR |Y> STATE

We need a high-fidelity magic state |[Y> to implement a
logical S gate using gate teleportation. A magic state is first
created by a process called state injection. However, the
injected state can be imperfect, so it is then purified to a high-
fidelity state using a distillation process.
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Figure 1. |Y> state distillation circuit implementing 7-qubit Steane code.

A. Multi-target CNOT-based |Y> state distillation

The distillation circuit implementing 7-qubit Steane code
for |Y> magic state is shown in Figure 1. This circuit consists
of initializing |0> and |+> states, multi-target CNOTSs, logical
S gate teleportation, and X-basis measurement. Figure 1(b)
circuit is translated from Figure 1(a) according to the
commutation relations between different non-commuting
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CNOTs to minimize the number of CNOTSs and implement the
lattice surgery translation-based technique.

For |Y> state distillation circuit, it first creates a logical Bell
pair. Then, one logical qubit from the Bell pair with the other
six logical qubits is encoded in Steane code to entangle eight
logical qubits using the multi-target CNOTSs. After that, seven
encoded qubits are each rotated with an S gate using |Y> state,
which is injected in the first round of distillation or is distilled
in a prior round. The logical S gate can be implemented with
lattice surgery-based operations as shown in Figure 3(b).

The distillation circuit produces a purified |Y> state from
the other logical qubit of the Bell pair. This procedure is
performed iteratively to obtain a higher fidelity output state
based on the X-basis measurement outcomes of the seven
qubits. The output state is interpreted by evaluating the
eigenvalues of the Steane code X stabilizers such as
S1=MxiMxasMxsMx7, S2=Mx2MxsMxsMx7, S3=Mx3sMxsMxsMxe.
If the eigenvalues of all three stabilizers are +1, the output is
purified |Y> state and will be kept. Otherwise, the state is
discarded, and the subsequent distillation round must be
performed. Furthermore, if the product of all measurements is
1, the output state will include a Z-error so that it needs to be
tracked.
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Figure 2. Multi-target CNOT in lattice surgery. C and T,y refer to control

and target qubits. K indicates the vertical rectangular ancilla qubits. (a) The
vertical rectangular ancilla qubit is initialized to the |+> state. (b) The control
qubit performs logical joint measurements, Mzz, with the vertical rectangular
ancilla qubit. (c)(d) It is then split to perform logical joint measurements, Mxx,

with the target qubits. (e) Lattice surgery-based multi-target CNOT circuit

that implements the previously outlined the multi-target CNOT.

targets

Lattice surgery logical operations between logical qubits
allow us to perform state teleportation and gate teleportation
of logical qubits, as shown in Figures 3(a) and 3(b),
respectively.
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Figure 3. State teleportation and logical S gate in lattice surgery.
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B. Lattice surgery translation-based |Y> state distillation

Figure 4 shows that CNOTSs with different controls and the
same target can be implemented using lattice surgery. It first
initializes the two patches corresponding to the control qubits
of each CNOT with [+> in Figure 4(b). It then performs a
smooth split operation on each patch in Figure 4(b) and a
rough merge operation on the two split patches. Eventually,
the state of the three patches will be the same as the result in
Figure 4(a) [5].
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Figure 4. Implementation of CNOTSs with the same target and different
controls to extend to multi-target CNOTS using lattice surgery.
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Lattice surgery-based CNOT with different controls and the
same target can be extended to a |Y> state distillation circuit
consisting of multi-target CNOTS, as shown in Figure 1(b).

I11. EVALUATION OF |Y> STATE DISTILLATION PROCESSES

In this section, we have implemented the |Y> state
distillation circuits mentioned in Section Il using the QPlayer
quantum simulator and evaluated each circuit.

A. Logical qubit architecture

For this work, we have used surface code logical qubits
with a distance of 2, as shown in Figure 5(a) [10]. Lattice
surgery merging and splitting operations along the X(2)-
boundary between two logical qubits are shown in Figures
5(b) and 5(c).
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Figure 5. Layout of surface code logical qubit and lattice surgery between
two logical qubits. (a) Surface code logical qubit with distance 2. Physical
data qubits are represented by black circles, and ancilla qubits by white circles.
The purple(pink) plaguettes represent the X(Z) stabilizers, respectively. (b)
Logical joint measurements along the X-boundary, Mzz. (c) Logical joint
measurements along the Z-boundary, Mxx.

The |Y> state distillation circuits have been implemented in
three logical qubit architectures, as shown in Figure 6. The
logical qubit architecture with 24 logical qubits in Figure 6(a)
and the logical qubit architecture with 18 logical qubits in
Figure 6(b) perform a multi-target CNOT-based |Y> state
distillation circuit. The logical qubit architecture with 20
logical qubits in Figure 6(c) performs a lattice surgery-based
|Y> state distillation circuit. Logical operations of |Y> state
distillation circuits do not use some logical qubits in the
logical qubit architectures, but we consider a checkerboard
form for simplicity.
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The two logical qubits must be placed in the nearest
neighboring locations to perform lattice surgery merging and
splitting operations, which involve multi-target CNOT, state
teleportation, and gate teleportation in a logical qubit
architecture. Therefore, it is essential to properly arrange the
control and target qubits for multi-target CNOT in the |Y>
state distillation circuit.

X — boundary

X — boundary

(a) (b)
Figure 6. Logical qubit architectures for implementing |Y> state distillation
circuits.

B. Multi-target CNOT-based |Y> state distillation

We have implemented the multi-target CNOT-based |Y>
state distillation circuit on the logical qubit architecture in
Figures 6(a) and 6(b), arranged in three forms: MT-CNOT-1,
MT-CNOT-2, and MT-CNOT-3, respectively, as shown in
Figure 7. In Figure 7, the patch numbers denote the logical
qubits in the circuit, and K indicates the vertical rectangular
ancilla qubits required to perform the lattice surgery-based
multi-target CNOTSs of Figure 2.

In Figure 7(MT-CNOT-1), the vertical rectangular ancilla
qubit is initialized to the |+> state first and performs logical
joint measurements, Mzz, with the control qubits 1, 2, 3, and 8.
It is then split and shrunk to perform logical joint
measurements, Mxx, with the target qubits 4, 5, 6, and 7. After
the multi-target CNOTSs, we inject the |Y> state into the
neighboring qubits and perform a logical S gate, followed by
an X-basis measurement, as shown in Figure 1(b). However,
since a vertical rectangular ancilla qubit consisting of up to six
patches is required to perform multi-target CNOTs and too
much memory is required to organize it, this paper excludes it
from the list of possible implementations and only considers
logical qubit placement and computation.

Therefore, in Figure 7(MT-CNOT-2), the size of the vertical
rectangular ancilla qubit is reduced to four patches to
minimize the amount of memory required to construct the
vertical rectangular ancilla qubit. To this end, the control
qubits 1 and 8 locations are adjusted, as shown in Figure
7(MT-CNOT-2(a)). In this placement, the distillation circuit’s
first and fourth multi-target CNOTs are performed by
decomposing them into single-target CNOTs and multi-target
CNOTs, respectively. For the first multi-target CNOT, the
ancilla qubit Hg is first used to perform the CNOT with target
qubit 7, and the right vertical rectangular ancilla qubit K is
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used to perform the CNOT with target qubits 4 and 5. For the
fourth multi-target CNOT, the ancilla qubit H; is used to
perform the CNOT with target qubit 4, and the left vertical
rectangular qubit K is used to perform the CNOT with target
qubits 6 and 7.

In Figure 7(MT-CNOT-3), the logical qubit architecture of
Figure 6(b) is used to optimize space for ancilla qubits for
multi-target CNOT operations and |Y> state injected qubit for
logical S gates. In Figure 7(MT-CNOT-3(a)), control qubits 1,
2, 3, and 8 perform CNOT with target qubits 4, 5, 6, and 7
using the left and right vertical rectangular ancilla qubits K.
The vertical rectangular ancilla qubit, split to perform logical
joint measurement Mxx with the target qubits, is used as a
space to inject the |Y> state for logical S gates. Logical qubits
5 and 6 move to perform the logical joint measurement, Mzz,
with the neighboring qubit where the |Y> state was injected.
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Figure 7. This illustrates how |Y> state distillation circuits are implemented
with multi-target CNOTSs.

C. Lattice surgery translation-based |Y> state distillation

The lattice surgery translation-based distillation process [5]
is implemented in a logical qubit architecture consisting of the
20 logical qubits of Figure 6(c), as illustrated in Figure 8. The
lattice surgery translation-based distillation process is
performed as follows. Firstly, for each multi-target CNOT in
the circuit in Figure 1(b), the vertical rectangular patches are
initialized with the |+> state in Figure 8(a). Each vertical
rectangular patch is then smoothly split in Figure 8(b). The
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numbers in Figure 8(b) indicate which patch contributes to
which qubit of the circuit in Figure 1(b). In Figure 8(c),
patches with different control qubits and the identical target
qubits are moved to neighboring locations, and rough merge
operations are performed. And then, the rough-merged patches
are reduced to a single patch size. We inject |Y> state into the
patches adjacent to the logical qubit patch to perform the
logical S gate. We merge smoothly with the |Y> state-injected
patch and take X-basis measurements of logical qubits 1
through 7. Therefore, according to the measurement outcomes,
logical qubit 8 has the distilled state.
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Figure 8. This illustrates how |Y> state distillation circuits are implemented
using lattice surgery translation [5].

We have evaluated the space-time cost of the
implementation methods for |Y> state distillation circuit in
Table 1. Since the surface code patch with distance-2 used in
this paper requires d? data qubits and (d?- 1) ancilla qubits, the
total physical qubits are 2d? to the leading order. Thus, the
space cost requirements are equal to the number of logical
qubits in the logical qubit architecture multiplied by the
number of physical qubits for one patch.

The time cost requirements are given by code-cycles. The
implementations based on multi-target CNOTs have the
following time costs.

o [2d] Initialization of the vertical rectangular ancilla
qubits with states |[+> for smooth merging and splitting
of control qubits and vertical rectangular ancilla qubits,
twice each.

« [2d] Smooth merging and splitting for CNOT(1, 4) and
CNOT(8, 7) (for MT-CNOT-2 only).

« [2d] Rough merging and splitting for CNOT(1, 4) and
CNOT(8, 7) (for MT-CNQOT-2 only).

 [4d] Smooth merging and splitting of control qubits and
vertical rectangular ancilla qubits.

« [2d] Shrinking the split ancilla qubits.

« [2d] Rough merging and splitting of target qubits and
split ancilla qubits.

e [1d] Movement of qubits 5 and 6 (for MT-CNOT-3
only).

« [1d] Injection of |Y> states.

« [1d] Smooth merging with |Y> state injected qubits.

The lattice surgery translation-based implementation has
the following time costs [5].
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« [1d] Initialization of the vertical rectangular qubits with
states |+>.

« [1d] Smooth splitting of the vertical rectangular qubits.

« [1d] Movement of qubits 1 and 7.

« [1d] Rough merging of the same target qubits.

« [1d] Shrinking the merged qubits.

« [1d] Injection of |Y> states.

« [1d] Smooth merging with |Y> state injected qubits.

Although the time cost of the lattice surgery translation-
based implementation is less than the multi-target CNOT-
based one, we can simulate the |Y> state distillation circuit
using the multi-target CNOT-based implementation with
fewer logical qubits.

TABLE 1. EVALUATION OF THE SPACE-TIME COST OF THE
IMPLEMENTATION METHODS FOR |Y> STATE DISTILLATION CIRCUIT

Implementation methods for |Y> state distillation
Cost
MT-CNOT-2 MT-CNOT-3 LST
Space 24 x 2 x d? 18 x 2 x d? 20 X 2 x d?
Time 16d 13d 7d
Total 768d3 468d° 280d®
IV.CONCLUSIONS
We have implemented and evaluated the |Y> state

distillation circuits using the QPlayer quantum simulator on
logical qubit architectures. The logical qubits are encoded in a
surface code with distance 2. The logical qubits are arranged
to use fewer resources to perform the multi-target CNOTSs
comprising the |Y> state distillation circuit. We also have
implemented and compared how CNOT operations with
different controls and the same targets can achieve the same
results using lattice surgery-based methods and extend them to
multi-target CNOT. The |Y> state distillation circuit requires
many logical qubits and, therefore, many physical qubits,
which is challenging to implement in practice and complex to
verify by simulation. This paper verifies |Y> state distillation
using more efficient resources. As a next step, we will
evaluate |A> state distillation circuits for logical T gate.
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